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HYDROSTATIC EQUILIBRIUM 
UNDER GRAVITY

Consider the problem of a static background  
under uniform gravitational acceleration . 

The gravitational force density: . 

Hydrostatic equilibrium:  or 

.

⃗v 0 = 0
⃗g = − g ̂z

⃗fg = ρ ⃗g

ρ0 ⃗g = ⃗∇ P0

P′ 0(z) ≡
dP0

dz
= − gρ0(z) < 0



LINEARIZED EULER 
EQUATION

 

: 

(however the  dependence of  can be more complex) 
 
 

 

eliminating horizontal velocities: 

   and   

ρ0
∂ ⃗v 1

∂t
= − ⃗∇ P1 + ⃗g ρ1

⃗v 1 ∝ exp (iωt + ikxx + ikyy + ikzz)
z ρ1, P1

iωρ0v1,x = − ikxP1

iωρ0v1,y = − ikyP1

iωρ0v1,z = − P′ 1 − gρ1

v1,x = −
kxP1

ωρ0
v1,y = −

kyP1

ωρ0



LINEARIZED CONTINUITY 
EQUATION

linearized continuity equation:  

 

 

introducing density height scale  assuming that , 

associated with free-fall time scale  and velocity : 

 

∂ρ1

∂t
+ ( ⃗v 1 ⋅ ⃗∇ ) ρ0 + ρ0 ( ⃗∇ ⋅ ⃗v 1) = 0

iωρ1 + v1,zρ′ 0 + ρ0 (ikxv1,x + ikyv1,y + ikzv1,z) = 0

ikxv1,x + ikyv1,y = −
ik2

xy

ωρ0
P1

ρ′ 0 ≡
ρ0

λρ
λρ = const

tρ ≡ |λρ /g | vρ ≡ |gλρ |

iωρ1 +
ρ0

λρ
v1,z −

ik2
xy

ω
P1 + ikzρ0v1,z = 0

ρ1 = ( i
λρ

− kz) ρ0

ω
v1,z +

k2
xy

ω2
P1



LINEARIZED EQUATION 
OF STATE

linearized adiabatic equation of state: 

 

 

substituting  and the hydrostatic equilibrium : 

 

substituting local speed of sound : 

 

   hence  .

∂P1

∂t
+ ( ⃗v 1 ⋅ ⃗∇ ) P0 + κP0 ( ⃗∇ ⋅ ⃗v 1) = 0

iωP1 + v1,zP′ 0 + κP0 (ikxv1,x + ikyv1,y + ikzv1,z) = 0

v1,x, v1,y P′ 0 = − gρ0

iωP1 − gρ0v1,z −
ik2

xy

ω
κP0

ρ0
P1 + ikzκP0v1,z = 0

v2
s,0(z) =

κP0(z)
ρ0(z)

iωP1 − gρ0v1,z −
ik2

xy

ω
v2

s,0P1 + ikzv2
s,0ρ0v1,z = 0

(ω2 − k2
xyv2

s,0) P1 = − (ig + kzv2
s,0) ωρ0v1,z P1 = −

ig + kzv2
s,0

ω2 − k2
xyv2

s,0
ωρ0v1,z



THREE APPROXIMATIONS

 

 

 

calculating  is going to be unpleasant, and dispersion relation can be complex 

Three approximations: 
- short-wavelength:  and  

- incompressible (highly subsonic):  

- isothermal: 

iωρ0v1,z = − P′ 1 − gρ1

ρ1 = ( i
λρ

− kz) ρ0

ω
v1,z +

k2
xy

ω2
P1

P1 = −
ig + kzv2

s,0

ω2 − k2
xyv2

s,0
ωρ0v1,z

P′ 1

kxy ≫ 1/ |λρ | |kz | ≲ kxy

vs,0 ≫ vρ

v′ s,0 = 0



SHORT-WAVELENGTH 
LIMIT

 and  

   (we need the smaller  term for ) 

 

 

 

the dispersion relation:  

Instability  requires that . Any  (density increasing against ) is unstable, 
but also  can be unstable for  (supersonic free-fall).

kxy ≫ 1/ |λρ | |kz | ≲ kxy

P1 = − ωρ0
ig + kzv2

s,0

ω2 − k2
xyv2

s,0
v1,z ≃

ig + kzv2
s,0

k2
xyv2

s,0
ωρ0v1,z ig ρ1

P′ 1 ≃ ikzP1 ≃ iω
k2

z

k2
xy

ρ0v1,z

ρ1 = ( i
λρ

− kz) ρ0

ω
v1,z +

k2
xy

ω2
P1 ≃ i ( 1

λρ
+

g
v2

s,0 ) ρ0

ω
v1,z

iωρ0v1,z = − P′ 1 − gρ1 ≃ − iω
k2

z

k2
xy

ρ0v1,z − ig ( 1
λρ

+
g

v2
s,0 ) ρ0

ω
v1,z

ω2 (1 +
k2

z

k2
xy ) ≃ −

g
λρ

−
g2

v2
s,0

ω2 < 0 v2
s,0 /(gλρ) > − 1 λρ > 0 ⃗g

λρ < 0 g(−λρ) ≡ v2
ρ > v2

s,0



INCOMPRESSIBLE 
(SUBSONIC) LIMIT

strongly subsonic free-fall velocity  leads to incompressibility: 

 

 

 

 

 

vs,0 ≫ vρ

⃗∇ ⋅ ⃗v 1 = −
ik2

xy

ωρ0
P1 + ikzv1,z = (

k2
xyv2

ρ − ikz |λρ |ω2

k2
xyv2

s,0 − ω2 )
v1,z

|λρ |
→ 0

P1 = −
ig + kzv2

s,0

ω2 − k2
xyv2

s,0
ωρ0v1,z ≃

kzω
k2

xy
ρ0v1,z

P′ 1 ≃
kzω
k2

xy
(ρ0v1,z)′ =

kzω
k2

xy ( 1
λρ

+ ikz) ρ0v1,z

ρ1 = ( i
λρ

− kz) ρ0

ω
v1,z +

k2
xy

ω2
P1 ≃

iρ0

ωλρ
v1,z

iωρ0v1,z = − P′ 1 − gρ1 ≃ −
kzω

k2
xyλρ

ρ0v1,z −
ik2

z ω
k2

xy
ρ0v1,z −

ig
ωλρ

ρ0v1,z

ω2 (1 −
ikz

k2
xyλρ

+
k2

z

k2
xy ) v1,z ≃ −

g
λρ

v1,z



 

 

to obtain a real dispersion relation, we substitute  with  (a redefined ). 
Note that  and . 

 

the imaginary terms cancel out for , which means that  and 

. 

 

Instability  requires simply that  (density increasing against ).

ω2 (1 −
ikz

k2
xyλρ

+
k2

z

k2
xy ) v1,z ≃ −

g
λρ

v1,z

ω2 (v1,z −
v′ 1,z

k2
xyλρ

−
v′ ′ 1,z

k2
xy ) ≃ −

g
λρ

v1,z

v1,z = f0(z)ξ1 ξ1 ∝ exp(ikzz) kz
v′ 1,z = ( f′ 0 + ikz f0)ξ1 v′ ′ 1,z = ( f′ ′ 0 + 2ikz f′ 0 − k2

z f0)ξ1

ω2 (f0 −
f′ 0 + ikz f0

k2
xyλρ

−
f′ ′ 0 + 2ikz f′ 0 − k2

z f0
k2

xy ) ξ1 ≃ −
g
λρ

f0ξ1

f′ 0/f0 = − 1/(2λρ) f0 ∝ 1/ ρ0

f′ ′ 0 /f0 = 1/(4λ2
ρ)

ω2 (1 +
1

4k2
xyλ2

ρ
+

k2
z

k2
xy ) ≃ −

g
λρ

ω2 < 0 λρ > 0 ⃗g

INCOMPRESSIBLE 
(SUBSONIC) LIMIT



ISOTHERMAL LIMIT

. However, since , this implies a particular density 

height  and free-fall velocity  (compressible). 

The calculations are rather lengthy, involving the  substitution, 
the resulting dispersion relation is: 

 

For  and  all terms are positive, so there is no unstable solution, 
consistent with .

v′ s,0 = 0 (v2
s,0)′ = − κg −

v2
s,0

λρ

λρ = −
v2

s,0

κg
< 0 v2

ρ =
v2

s,0

κ

v1,z = f0(z)ξ1

(−ω2) 1 +
1

k2
xyv2

s,0 − ω2 (k2
z v2

s,0 +
κ2g2

4v2
s,0 ) + (κ − 1)

k2
xyg2

k2
xyv2

s,0 − ω2
= 0

ω2 < 0 κ > 1
λρ < 0



SUMMARY

Short-wavelength limit (  and ): 

 

Subsonic / incompressible limit ( ): 

 

Isothermal limit ( , hence ): 

kxy ≫ 1/ |λρ | |kz | ≲ kxy

ω2 (1 +
k2

z

k2
xy ) ≃ −

g
λρ

−
g2

v2
s,0

vs,0 ≫ vρ

ω2 (1 +
1

4k2
xyλ2

ρ
+

k2
z

k2
xy ) ≃ −

g
λρ

v′ s,0 = 0 λρ = − v2
s,0/κg

(−ω2) 1 +
1

k2
xyv2

s,0 − ω2 (k2
z v2

s,0 +
κ2g2

4v2
s,0 ) + (κ − 1)

k2
xyg2

k2
xyv2

s,0 − ω2
= 0



PHYSICAL PRINCIPLE
Consider the short-wavelength limit  with 

. 

Recall the basic equations: 

 

 

 

 

Note that , hence we can 

neglect the pressure gradient term in the  equation. 

Also note that .

kx ≫ 1/ |λρ |
ky = kz = 0

iω
ρ1

ρ0
= − ikxv1,x −

v1,z

λρ

iω
P1

ρ0
= − v2

s,0 ikxv1,x + gv1,z

iωv1,x = − ikx
P1

ρ0

iωv1,z = −
P′ 1

ρ0
− g

ρ1

ρ0

P1

ρ1
∼

ω2

k2
x

∼
1

k2
x τ2

ρ
≪ v2

ρ

v1,z

kxv2
s,0v1,x =

k2
x

ω
v2

s,0
P1

ρ0
≫ ω

P1

ρ0

 

 

iω
ρ1

ρ0
= − ikxv1,x −

v1,z

λρ

v2
s,0 ikxv1,x ≃ gv1,z

iωv1,z ≃ − g
ρ1

ρ0

v1,z ρ1

iv1,x P1



Incompressible loop: 
 

for ,  brings lower  

from below, triggering . 
Perturbed gravitational force points 
upwards, increasing . 

Compressible loop: 
 

 triggers , which triggers 
a horizontal sound wave with , 
which triggers , etc.

v1,z → ρ1 → v1,z

λρ > 0 v1,z > 0 ρ0

ρ1 < 0

v1,z

v1,z( → P1) → iv1,x → ρ1 → v1,z

v1,z > 0 P1 > 0
iv1,x > 0

ρ1 < 0

PHYSICAL PRINCIPLE

v1,z ρ1

iv1,x P1P1P1

 

 

iω
ρ1

ρ0
= − ikxv1,x −

v1,z

λρ

v2
s,0 ikxv1,x ≃ gv1,z

iωv1,z ≃ − g
ρ1

ρ0

1

2


