COSMIC MAGNETIC FIELDS

KRZYSZTOF NALEWAJKO, CAMK PAN
KNALEW@CAMK.EDU.PL

Rayleigh-Taylor instability (HD)


mailto:knalew@camk.edu.pl

HYDROSTATIC EQUILIBRIUM
UNDER GRAVITY

* Consider the problem of a static background v ; = 0

under uniform gravitational acceleration g = — gZ.

° The gravitational force density: fg =pg.

° Hydrostatic equilibrium: p, g = VPO or

dP,

Py(z) = = — gpo(2) < 0.
dz




LINEARIZED EULER
EQUATION

o , OV _ VP +7%
Po PV 1T 8P1

° YV, x exp (ia)t + ik.x +ik,y + ikzz>:

(however the z dependence of p;, P, can be more complex)
iwpoVy, = — kP
ia)pOVl,y = lkyPI

iwpyvy, = — P — 8p

» eliminating horizontal velocities:

kxP 1 k)’Pl

and v, = —

WPy WPy

Vl,x —



LINEARIZED CONTINUITY
EQUATION

0 . _,
° linearized continuity equation: % I <71 -V ) Po + Po ( V- 71) =0

°* lwpy + Vi Pyt Py (ikxvl’x + kv, + ikzvl,z> =0

7.2
ik,

@pPy

ik vy, + kv, = — P,

» introducing density height scale p, = ) assuming that /lp = const,

f)
associated with free-fall time scale 7, = | / | 1,/g| and velocity v, = / | g4, | :
ik?
ia)pl =F @Vl z iPI -F ikZpOVl z — O
A 0, ’



LINEARIZED EQUATION
OF STATE

linearized adiabatic equation of state:

7+<V1'V>P0+KPO(V’ V1>=O

ia)Pl + VI,ZP(/) + KPO (ikaLx + ikyVl,y + ikZVI,Z> — O

substituting v, ,, v; , and the hydrostatic equilibrium Py = — gpy:
: ik%y Py .
la)Pl — ngVLZ — Pl - lkZKPOVI,Z —_ O
@ Po
kPy(2) .

substituting local speed of sound Vg,o(z) = :
Po(2)

.k2
. ! Xy 2 . 2
iwP| — gPoV1, — _a) VS’0P1 - lkZVS’OpOVLZ =0

ig + kzvg,o

(co2 = kfyvg,0> Py =- (ig + kZV§,0> wpyVy, hence P; = —



THREE APPROXIMATIONS

)
» ig + kzvgo
6) _kxyVSO

calculating P is going to be unpleasant, and dispersion relation can be complex

o Three approximations:
- short-wavelength: k., > 1/]4,| and |k, | < k,,

- incompressible (highly subsonic): vy g > v,

- isothermal: Vg 0= 0



SHORT-WAVELENGTH
LIMIT

k., > 1/|4,] and [k, | S k

ig + k.v? ig + kv?
p = z's,0 - z's,0 d th ller i £
| = — @py TR Vi, ERe; wpyVy, (we need the smaller ig term for p,)
42 xyVs,0 xyY's,0
=N = —kzz
j| = 1—160k2 PoVi,
Xy

2
Xy /10 Vs,O @
k> 2
° the dispersion relation: ®> <1 -+ —Z> ~ — s _¢%
2 J v2
Xy P s,0

Instability @ < O requires that Vg’o/ (g4,) > — 1. Any 4, > O (density increasing against 'g’) is unstable,

but also /1p < 0 can be unstable for g(—ip) = V% > Vg’o (supersonic free-fall).



INCOMPRESSIBLE
(SUBSONIC) LIMIT

o strongly subsonic free-fall velocity v, , > v , leads to incompressibility:

7.2 2.2 - 2
.- _ lkxyP e ke v, — ik | 4, | @ Vi,
V= - | TV, =

> —
Py kzyvzo — w? |4,
k.v? k
o b _ 1g + k. Vi wopey Za)pv
1 — 0Vl1,z 0V1,z
w? — k%yvg,o k%y
. . ko ko (1
P ﬁ—kz (PoV1.) = 2 \ 7 + ik, ) poVi
Xy Xy p

. ) .
& ! Po kx)’ LPo
101 — <7 — kZ> _VI,Z =F _Pl = TVI’Z

2
0 (0)) 0)) (40, 0
k k2 -
) LK, 1g
® . _ P/ ~ b %
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INCOMPRESSIBLE
(SUBSONIC) LIMIT

. ik,  k? g
a)2<1_k23 +k;)V1,Z__7V1,Z

l

xy’tp Xy

oo vie v\ s
. kdp ke A -
* to obtain a real dispersion relation, we substitute v, . = f,(2)&; with &; o exp(ik,z) (a redefined k).
Note that v| , = (fy + ik, fo); and v{ = (fy + 2ik, f, — k2 fo)€,-

Jfo+ ik fy 6’+2ikf(')—k2fo g
[ ) a)2<f6— d . % % 512__](651
k2, ) 7

xy’p
the imaginary terms cancel out for fo/fy = — 1/(24,), which means that f, « 1/ /p, and

oo = 1/(44)).

1 k? g
Tt 1+ +— | —=
@ < 4202 k2 ]

xy’'p Xy p

» Instability w? < 0 requires simply that 4, > 0 (density increasing against 2).



ISOTHERMAL LIMIT

2
\Y
. Vs o = 0. However, since (VS 0) = —Kg — > , this implies a particular density

D

2 2

. v s,0 Vs 0
height 4, = — — < 0 and free-fall velocity V
Kg K

* The calculations are rather lengthy, involving the v, , = f,(z)&; substitution,
the resulting dispersion relation is:

I ’g” k38
(—0?) | 1+ k22 o +x&—-1 4 =0
2 2 z7s,0 2 2 2
k Vso_a) 4VSO xyVSO_a)

°* For w” < 0 and k > 1 all terms are positive, so there is no unstable solution,
consistent with 4, < 0.



SUMMARY

o Short-wavelength limit (k,, > 1/{4,| and |k | < k,,):
k? 2
W 145 )= - -2
Ky A V5o

° Subsonic / incompressible limit (v, > v ):

1 k? g
21 1+ +— |- =
“ < 4202 k2 1

xy”tp Xy P

o Isothermal limit (Vg,o = (0, hence /lp = — Vg,o/ Kg2):

2v2  — 2 2
kxst,o 0) 4VS,0

xy 's,0

| K2g2 kygygz
(—?) |1+ (kfvio + ) A v ——

=0



PHYSICAL PRINCIPLE

» Consider the short-wavelength limit k£, > 1/| ﬂpl with . ,0 1 . k VI,Z
k, =k, =0. lw = T WV Ji
Po f;
» Recall the basic equations:
. P1 . Viz 2
io— = — ik v, — d
p” M= Vio lkaLx gvi,
P
io— = — V2, tk,vy,+8vy, . - 101
Po ’ b la)Vl 7 — - g_
v, , = — ikt o
Po
: P P1
la)Vl’Z _—-—— g_
Po Po
Pl 0)2 1 )
® Note that — ~ ~ <L V5, hence we can

p1 ki ki

neglect the pressure gradient term in the v, , equation.

2 k)g 2 P 1 P 1
Also note that [k v,V , Vi > (wo—|.
’ @ Py Po




PHYSICAL PRINCIPLE

» Incompressible loop:
Viz ™ P1 = Vi,

for 4, > 0, v, , > 0 brings lower pj,

from below, triggering p; < O.
Perturbed gravitational force points

upwards, increasing v ..

» Compressible loop:
Vid = P) =iV, = p =V,

vy, > O triggers P; > 0, which triggers
a horizontal sound wave with ivl,x > (),

which triggers p; < 0, etc.

P1 : Vl,z
lw— = — 1k .V,
’ A
Po 1,
2
Vio kv, ~gvy,
P1




