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General schedule

? History

? Introduction to general relativity

? Detection principles

? Detectors

? Binary black-hole system

? Bursts and continuous waves

? Rates and populations & cosmology
? Binary systems parameters from population studies,
? Standard sirens in cosmology.

? Stochastic GW background & testing general relativity

? Data analysis: waveforms and detection

? Data analysis: parameter estimation
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GW population of binary systems so far

�
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GW population of binary systems so far

�
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Compact binary merger rate

R =
N

V × T
where

? N - Number of the confident detections

? V - sensitive Volume of an assumed population
(V (λ), with λ describing parameters of the population)

? T - observation TimeSensitive Volume - Monte Carlo Integration

Sensitive Volume of the population is one of the primary ingredient here (other being
estimated parameters of various observations).

Definition

〈V (λ)〉 · T =

∫
dzd~θ

dVc

dz

1

1 + z
p(~θ|λ)f(z, ~θ) · T, (4)

〈V (λ)〉 · T is the population averaged time-volume product. T is the
observation time.
dVc
dz

is the differential comoving volume. Factor of 1
1+z

is there to account
for time dilation caused by expansion of the universe.
f(z, ~θ) is the efficiency of confidently (calling recovered now) observing a

binary with parameters (z, ~θ)

Equation 4 is estimates by performing Monte Carlo integration:

Sample the population λ for ~θ. Give them a redshift distribution (uniform
in comoving volume if merger rate is independent of reshift else according
to a model).

Create waveforms from parameters (z, ~θ) and inject to the detector data.
Count how many were recovered ?

V (λ) = V0 × Nrecovered
Ninjected

, where V0 =
∫ zmax
0

dVc
dz

1
1+z

dz.

The procedure takes a long time to complete.

8
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Current merger rates (LIGO-Virgo O1-O3a)
0HUJHU�5DWHV

%LQDU\�1HXWURQ�6WDUV��:LWK�WZR�FRQILGHQW�REVHUYDWLRQV�RI�ELQDU\�QHXWURQ�VWDUV�LQ�
*:7&����ZH�LQIHU�WKDW�WKH�ORFDO�PHUJHU�UDWH�RI�ELQDU\�QHXWURQ�VWDUV�LV�

%LQDU\�%ODFN�+ROHV��)RU�ELQDU\�EODFN�KROHV��ZH�VLPXOWDQHRXVO\�ILW�IRU�WKH�PDVV��
VSLQ�DQG�PHUJHU�UDWH��$VVXPLQJ�D�PHUJHU�UDWH�GHQVLW\�WKDW�LV�FRQVWDQW�DFURVV�
FRVPLF�WLPH�

��

(for comparison, core-collapse supernova rate is
RSN ' 105 Gpc−3 yr−1)
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An unexpected shortage of neutron-star mergers?

Should we be concerned that LIGO & Virgo detectors detect much more BBH
than BNS signals?

Edwin Salpeter’s initial mass function
is

ξ(m)∆m = ξ0

(
m

M�

)−2.35 (
∆m
M�

)
Integrated for ranges of masses for
BHs and NSs progenitor stars, to get
relative numbers of progenitors:

N(M > 80M�)

N(M > 10M�)
=

(
80M�

10M�

)−1.35

' 0.06.
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An unexpected shortage of neutron-star mergers?

? Assuming the same merger rates for BBH and BNS → rates
proportional to number of progenitor stars:

RBBH

RBNS
=

(
80M�

10M�

)−1.35

' 0.06

? But how many signals are detected? Signal-to-noise ∝ M5/6,
detection volume ∝ SNR3 ∝ r3

DBBH

DBNS
=

RBBH

RBNS

(MBBH

MBNS

)5/2

=

(
80M�

10M�

)−1.35 ( 10M�

1.4M�

)5/2

' 8

(Phys. Usp. 44 1 2001 [astro-ph/0008481])
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GWTC-2: selected sources and their parameters

? Chirp massM =
(
µ3M2)1/5

= (m1m2)3/5/(m1 + m2)1/5,

? Mass ratio q = m2/m1 (at 1PN), alternatively ν = m1m2/(m1 + m2)2,

? Spin-orbit and spin-spin coupling (at 2PN and 3PN, resp.) →

χeff = (m1χ1z + m2χ2z)/(m1 + m2)

where χiz are spin components along system’s total angular
momentum,

? Direct ”luminosity” (”loudness”) distance: binary systems are ”standard
sirens”.



10/38

Population of binary systems: BH mass distribution
%ODFN�KROH�PDVV�GLVWULEXWLRQ�FDQ�JLYH�XV�KLQWV�RQ�
VWHOODU�HYROXWLRQ�

Ɣ )HDWXUHV�LQ�WKH�PDVV�GLVWULEXWLRQ�FDQ�KHOS�XV�SUREH�KRZ�EODFN�KROHV�IRUPHG��:H�FDQ�
FRPSDUH�UHVXOWV�WR�H[SHFWDWLRQV�IURP�WKHRULHV�IRU�VWHOODU�HYROXWLRQ�

Ɣ 0RGHOV�XVHG�LQ�SRSXODWLRQ�DQDO\VLV�PRWLYDWHG�E\�WKHVH�WKHRULHV�

��

2WKHU�GLVWLQFW�IHDWXUHV"
3HDNV"�'LSV"

&XW�RII"�
$EUXSW�RU�
WDSHUHG"

0LQLPXP�PDVV"
6KDUS�RU�VPRRWK�

FXW�RII"

�

�

�
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BH mass distribution: low-mass gap
0DVV�GLVWULEXWLRQ��ORZ�PDVV�IHDWXUHV

��

+ÙŇ͐

MēįƌƐƲƪͯĮÙƖưͯ͐
6PRRWK�
WXUQ�RQ

6KDUS�FXW�RII

Ɣ :KDW�LV�WKH�PLQLPXP�PDVV�EODFN�KROH"

Ɣ 'RHV�WKH�GLVWULEXWLRQ�KDYH�D�VPRRWK�RU�
VKDUS�FXW�RII�DW�ORZ�PDVV�HQG"�,V�WKHUH�
HYLGHQFH�IRU�D�ORZ�PDVV�JDS"

Potentially difficult to probe because of theM5/6 SNR dependence (low rate
in the local Universe)
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BH mass distribution: high-mass gap

3DLU�LQVWDELOLW\�VXSHUQRYD��XSSHU�PDVV�FXW�RII

��

Ɣ 9HU\�PDVVLYH�VWDUV�OHDYH�EHKLQG�
QR�UHPQDQW�DIWHU�D�VXSHUQRYD�

Ɣ 1R�EODFN�KROHV�IRUPHG�EH\RQG�D�
FHUWDLQ�PDVV��VXJJHVWV�D�FXW�RII�LQ�
WKH�PDVV�GLVWULEXWLRQ

&XW�RII

�=$06� �=HUR�$JH�0DLQ�6HTXHQFH�a�RULJLQDO�PDVV�RI�VWDU�



13/38

BH mass distribution: high-mass gap

Ɣ 0DVVLYH�VWDUV�VKHG�PDVV�LQ�µSXOVHV¶�

Ɣ 3URGXFH�VWDUV�RI�VLPLODU�PDVV��ZKLFK�
FROODSVH�WR�IRUP�EODFN�KROHV�DURXQG�
a����WR����0䎭

3XOVDWLRQDO�SDLU�LQVWDELOLW\��EODFN�KROH�SLOH�XS

��

3LOH�XS�
SHDN

�=$06� �=HUR�$JH�0DLQ�6HTXHQFH�a�RULJLQDO�PDVV�RI�VWDU�



14/38

Beyond Sapleter: various mass functions

0DVV�UHVXOWV�LQ�*:7&����ZKDW�IHDWXUHV�GR�ZH�VHH"

��
$QDO\VLV�ZLWK����FRQILGHQW�%%+��3ULPDU\�PDVV�GLVWULEXWLRQ��6ROLG�FXUYH���PHDQ���6KDGHG�UHJLRQ�������FUHGLEOH�LQWHUYDO�
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GWTC-2 results: mass distributions
/RZ�PDVV�GLVWULEXWLRQ�IHDWXUHV

Ɣ :H�UXOH�RXW�WKH�FRPELQDWLRQ�RI�D�VPDOO�
PLQLPXP�EODFN�KROH�PDVV��a���0䎭��DQG�D�
VKDUS�ORZ�PDVV�FXW�RII�

Ɣ :H�DUH�EHJLQQLQJ�WR�UHVROYH�WKH�ORZ�PDVV�
HQG�RI�GLVWULEXWLRQ�

Ɣ $GGLWLRQDO�VWXG\�SHUIRUPHG�LQFOXGLQJ�
*:��������/RZ�PDVV�HQG�RI�GLVWULEXWLRQ�
SXOOHG�IURP�a��WR�a��0䎭��*:�������LV�DQ�
RXWOLHU�LQ�WKH�%%+�GLVWULEXWLRQ����RQO\�
������FKDQFH�RI�*:�������OLNH�HYHQW�LQ�
DQDO\VLV�ZLWK����FRQILGHQW�%%+�SRSXODWLRQ��

��

([FOXGHV�ORZ�PDVV���
VKDUS�FXW�RII*:���������DU;LY�����������

5HVXOWV�VKRZQ�LQ�WKLV�
ILJXUH�XVHV�DQDO\VLV�
ZLWKRXW�*:������
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GWTC-2 results: mass distributions
6WUXFWXUH�EH\RQG�D�SRZHU�ODZ

Ɣ 6XSSRUW�IRU�*DXVVLDQ�FRPSRQHQW�LQ�GLVWULEXWLRQ��PRVW�IDYRXUHG�PRGHO�3RZHU�ODZ���SHDN��
Ɣ 3RZHU�ODZV�KDYH�GLIIHUHQW�VORSHV��%URNHQ�SRZHU�ODZ�VOLJKWO\�OHVV�IDYRXUHG��E\�IDFWRU�RI����

��

=RRPHG�LQ��
([FOXGHV�]HUR ([FOXGHV�HTXDO�LQGH[�

IRU�SRZHU�ODZ�VORSHV

3RZHU�ODZ���SHDN�PRGHO %URNHQ�SRZHU�ODZ�PRGHO

a�����RI�ELQDULHV�LQ�
*DXVVLDQ�FRPSRQHQW�RI�

GLVWULEXWLRQ

Ɣ $�VLPSOH�SRZHU�ODZ�ZLWK�VKDUS�FXWRIIV��7UXQFDWHG�PRGHO��LV�GLVIDYRXUHG��E\�IDFWRU�����
FRPSDUHG�WR�3RZHU�ODZ���SHDN���

(λpeak - the fraction of systems that belong to the additional Gaussian
component)
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GWTC-2 results: mass distributions

0DVVHV�EH\RQG����0䎭

Ɣ 1R�FXW�RII�IHDWXUH�DURXQG����0䎭

Ɣ 0DVVHV�H[WHQG�EH\RQG����0䎭�ZLWK�
DQG�ZLWKRXW�*:��������7KLV�HYHQW�
DSSHDUV�WR�EH�FRQVLVWHQW�ZLWK�WKH�
SRSXODWLRQ��

Ɣ 8QDEOH�WR�FRQFOXGH�ZKHWKHU�
*:�������LV�LQ�WKH�WDLO�RI�WKH�
GLVWULEXWLRQ��RU�D�VHSDUDWH�
VXESRSXODWLRQ��H�J��KLHUDUFKLFDO�
PHUJHUV�

��

3ULPDU\�PDVV�GLVWULEXWLRQ��6ROLG�GDVKHG�FXUYHV���PHDQ���
6KDGHG�UHJLRQ�������FUHGLEOH�LQWHUYDO�
�UHVXOWV�IURP�3RZHU�ODZ���SHDN�PRGHO�*:���������DU;LY�������������	��DU;LY������������
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Component spins and relation with formation channels
%ODFN�KROH�VSLQ�RULHQWDWLRQV�DV�SUREHV�RI�ELQDU\�IRUPDWLRQ

��

,VRODWHG�FRPPRQ�HQYHORSH�HYROXWLRQ

'\QDPLFDO�IRUPDWLRQ�LQ�VWHOODU�FOXVWHUV



19/38

Spin-related quantities in the waveform
*:�VLJQDOV�FDQ�EH�SDUDPHWHUL]HG�E\�WZR�³HIIHFWLYH�VSLQV´

��

(IIHFWLYH�LQVSLUDO�VSLQ�TXDQWLILHV�WRWDO�VSLQ�
SDUDOOHO�WR�D�ELQDU\¶V�RUELWDO�DQJXODU�
PRPHQWXP�

(IIHFWLYH�SUHFHVVLQJ�VSLQ�LV�UHODWHG�WR�
GHJUHH�RI�VSLQ�SHUSHQGLFXODU�WR�RUELW�
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GWTC-2 results: effective precessing spin

��

,Q�SODQH�VSLQ�FRPSRQHQWV�DUH�SUHVHQW�DPRQJ�WKH�%%+�SRSXODWLRQ

0HDQ 6WG��'HY�

6
WG
��'

HY
�

([FOXGH�D�GHOWD�IXQFWLRQ
DW�
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GWTC-2 results: effective inspiral spin

��

$W�OHDVW�VRPH�HYHQWV�KDYH�QHJDWLYH�HIIHFWLYH�VSLQ

Ɣ 1HJDWLYH���������LPSOLHV�VSLQV�WLOWHG�E\�
PRUH�WKDQ��������UHODWLYH�WR�WKHLU�RUELWDO�
DQJXODU�PRPHQWXP

Ɣ %HWZHHQ�����DQG�����RI�%%+V�KDYH�
QHJDWLYH�HIIHFWLYH�VSLQV

Ɣ ,I�ZH�DWWULEXWH�QHJDWLYH��������WR�
G\QDPLFV��WKHQ�EHWZHHQ�����DQG�
����RI�HYHQWV�RULJLQDWH�LQ�
G\QDPLFDO�FKDQQHOV

Default: measuring of physical spin magnitude and spin tilt distrubutions,
Gaussian: measuring the distribution of phenomenological parameters (χeff and χp).
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Merger rate vs redshift
0HUJHU�5DWH�RI�%LQDU\�%ODFN�+ROHV�$FURVV�
&RVPLF�7LPH

:LWK�*:7&����ZH�QRZ�NQRZ�

Ɣ 7RGD\��]� �����WKH�ELQDU\�
EODFN�KROH�PHUJHU�UDWH�LV�
EHWZHHQ�>������@�*SF���

\U��

Ɣ ��ELOOLRQ�\HDUV�DJR��]� �
����WKH�ELQDU\�EODFN�KROH�
PHUJHU�UDWH�ZDV�EHWZHHQ�
����DQG����WLPHV�LWV�
SUHVHQW�UDWH

��
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Merger rate evolution with redshift
7KH�PHUJHU�UDWH�SUREDEO\�HYROYHV��EXW�
VORZHU�WKDQ�WKH�VWDU�IRUPDWLRQ�UDWH

$VVXPH�WKDW�WKH�UDWH�5�DV�D�
IXQFWLRQ�RI�UHGVKLIW�]�LV�
GHVFULEHG�E\�5�]�� ����]�.

0HDVXUH�WKH�VORSH�.

7KH�PRVW�OLNHO\�YDOXHV�DUH�
EHWZHHQ����QR�HYROXWLRQ��DQG�
�����DSSUR[LPDWLQJ�WKH�
VWDU�IRUPDWLRQ�UDWH�

��
(YROXWLRQ�WKDW�WUDFNV�
WKH�VWDU�IRUPDWLRQ�UDWH

&RQVWDQW�UDWH�DW�DOO�
UHGVKLIWV
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GWTC-2: summary

��

$VWURSK\VLFDO�/HVVRQV�IURP�*:7&����0DVVHV

Ɣ 7KH�EODFN�KROH�PDVV�VSHFWUXP�GRHV�QRW�WHUPLQDWH�DEUXSWO\�DW����VRODU�
PDVVHV��EXW�GRHV�VKRZ�D�IHDWXUH�DW�a���VRODU�PDVVHV��ZKLFK�FDQ�EH�
UHSUHVHQWHG�E\�D�EUHDN�LQ�WKH�SRZHU�ODZ�RU�D�*DXVVLDQ�SHDN�

Ɣ 7KHUH�LV�D�GHDUWK�RI�ORZ�PDVV�EODFN�KROHV�EHWZHHQ�����VRODU�PDVVHV�DQG�
a��VRODU�PDVVHV�

Ɣ 7KH�GLVWULEXWLRQ�RI�PDVV�UDWLRV�LV�EURDG�LQ�WKH�UDQJH�a�������ZLWK�D�PLOG�
SUHIHUHQFH�IRU�HTXDO�PDVV�SDLULQJV���*:�������LV�DQ�RXWOLHU��

��

$VWURSK\VLFDO�/HVVRQV�IURP�*:7&����6SLQV

Ɣ 6RPH�ELQDU\�EODFN�KROHV�KDYH�PHDVXUDEOH�LQ�SODQH�VSLQ�FRPSRQHQWV��OHDGLQJ�
WR�SUHFHVVLRQ�RI�WKH�RUELWDO�SODQH��

Ɣ 6RPH�ELQDU\�EODFN�KROHV�KDYH�VSLQV�PLVDOLJQHG�E\�PRUH�WKDQ����GHJUHHV��
EXW�WKH�GLVWULEXWLRQ�RI�VSLQ�WLOWV�LV�QRW�SHUIHFWO\�LVRWURSLF�

Ɣ 7KHUH�DUH�KLQWV��EXW�QR�FOHDU�HYLGHQFH�WKDW�WKH�VSLQ�GLVWULEXWLRQ�YDULHV�
ZLWK�PDVV�
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GWTC-2: summary

��

$VWURSK\VLFDO�/HVVRQV�IURP�*:7&����5DWHV

Ɣ ,Q�WKH�ORFDO�XQLYHUVH��WKH�DYHUDJH�ELQDU\�EODFN�KROH�PHUJHU�UDWH�LV�EHWZHHQ�
���DQG����*SF���\U���

Ɣ 7KH�ELQDU\�EODFN�KROH�PHUJHU�UDWH�SUREDEO\�HYROYHV�ZLWK�UHGVKLIW��EXW�
VORZHU�WKDQ�WKH�VWDU�IRUPDWLRQ�UDWH��LQFUHDVLQJ�E\�D�IDFWRU�RI�a����EHWZHHQ�
]� ���DQG�]� ����

Open questions:
2SHQ�4XHVWLRQV

Ɣ :KDW�LV�WKH�SK\VLFDO�RULJLQ�IRU�WKH�IHDWXUH�DW�a���VRODU�PDVVHV"�
Ɣ :KDW�LV�WKH�RULJLQ�RI�EODFN�KROHV�ZLWK�PDVVHV�DERYH����VRODU�PDVVHV"
Ɣ ,V�WKHUH�D�PDVV�JDS�EHWZHHQ�QHXWURQ�VWDUV�DQG�EODFN�KROHV"�
Ɣ :KDW�LV�WKH�QDWXUH�RI�WKH�����VRODU�PDVV�REMHFW�LQ�*:������"
Ɣ $UH�WKH�V\VWHPV�ZLWK�PLVDOLJQHG�VSLQV�WKH�UHVXOW�RI�G\QDPLFDO�DVVHPEO\"
Ɣ $UH�ZH�REVHUYLQJ�ELQDU\�EODFN�KROHV�IURP�PXOWLSOH�IRUPDWLRQ�FKDQQHOV"

��
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Binary systems as standard sirens
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Standard sirens
The concept of standard siren

The luminosity distance can be inferred directly from the measured
waveform produced by a binary system

h× =
4

dL

(
GMc

c2

) 5
3
(
πf

c

) 2
3

cos ι sin[Φ(t)]

⇒ GW sources are standard distance indicator (standard sirens)

The problem with GW is to obtain the
redshift of the source through the
detection of an EM counterpart such as

I EM emission at merger

I Hosting galaxy

Nicola Tamanini Standard sirens: cosmology with gravitational waves
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Standard sirens
The distance-redshift relation

dL(z) =
c

H0

1 + z√
Ωk

sinh

[√
Ωk

∫ z

0

H0

H(z ′)
dz ′
]

The distance-redshift relation
connects the luminosity distance
(dL) to the redshift (z) at any
point in the universe and depends
on the cosmological parameters

⇒ if for some astrophysical
object both dL and z are known,
one can fit the distance-redshift
relation and obtain constraints
on the cosmological parameters

Example: Supernovae type-Ia
(standard candles)

Nicola Tamanini Standard sirens: cosmology with gravitational waves
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Standard sirens
Standard sirens vs standard candles

With EM waves:

I Measuring redshift is easy: compare EM spectra

I Measuring distance is hard: need objects of known luminosity
(SNIa → standard candles)

With GW:

I Measuring distance is easy: directly from the waveform
(standard sirens)

I Measuring redshift is hard:
I Degeneracy with masses in the waveform (GR is scale-free)
I Need to identify an EM counterpart:

I Optical, Radio, X-rays, γ-rays, ....

I Need good sky location accuracy from GW detection to
pinpoint the source or its hosting galaxy

Nicola Tamanini Standard sirens: cosmology with gravitational waves



30/38

Hubble plot (vH = H0d)
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Hubble’s law tension

Freedman (2017)
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GW170817: 17 August 2017, 14:41:04 CEST

? Combined LIGO-Virgo signal-to-noise ratio: SNR=32.4 (strongest signal
so far!),

? False alarm rate: less than one in 80000 years,

? Chirp massM = 1.188+0.004
−0.002 M� → a very light system!

? New EM source in NGC 4993, consistent with GW distance 40+8
−14 Mpc,

? Chance of temporal-spatial coincidence < 5× 10−8.
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GW170817: First ”standard siren” H0 measurement

? 70.0+12.0
−8.0 km s−1 Mpc−1 (maximum a posteriori and 68% credible

interval) = ∼14% at 1σ:

? ∼11% because of GW luminosity distance,
? The rest from the peculiar velocity of the galaxy.

? Planck: 67.74± 0.46, SHoES: 73.24± 1.74 km s−1 Mpc−1
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GW170817: Distance-binary inclination study



35/38

Statistical standard sirens (Schutz 1986)Standard sirens without counterparts

Even without a counterpart BHB inspirals can still be used to
extract cosmological information statistically [Schutz, 1986]

The idea is the following:
consider each galaxy within the
volume error box (dΩ× dz) of
the GW source to have a
non-zero probability of being the
hosting galaxy and then
statistically add up the
information coming from all the
galaxies in all boxes, with enough
GW events the true value of
cosmological parameters will
emerge

Nicola Tamanini Standard sirens: cosmology with gravitational waves

(Serious problem: completeness of galaxy catalogues for far-away galaxies!)
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Ground-based detectors: present and future
Future prospects for Earth-based GW detectors

Cosmological forecasts for LIGO/VIRGO: [1612.06060,1710.06424]

I few % constraints on H0 can be obtained either
I with ∼ 50 standard sirens with EM counterpart (NSBs)
I with ∼ 100 standard sirens without EM counterpart (BHBs)

I This accuracy will be achieved in the next years, but probably
not with O3

I No estimates with NS-BH binary mergers yet

Cosmological forecasts for ET: [0906.4151]

I ET will detect thousands of NSB and BHB mergers up to
z ∼ 3

I Precise probe of the cosmic expansion at large redshifts

I Accurate measurement of the cosmological parameters

Nicola Tamanini Standard sirens: cosmology with gravitational waves
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Future: Voyager, Cosmic Explorer, Einstein Telescope
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