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Editor’s note

John Wainwright

The well-known Kasner solutions of the vacuum Einstein field equations are of
importance in general relativity in that they serve to determine the behaviour of generic
cosmological solutions of the Einstein field equations on approach to the singularity.
Kasner’s paper, written in 1921, gives the first derivation of these solutions, start-
ing with the assumptions that the metric is diagonal and that it depends on only one
coordinate (see Sect. 3 in the paper).

Original paper: Kasner, E.: Geometrical theorems on Einstein’s cosmological equations. Am. J. Math. 43,
217–221 (1921). © The Johns Hopkins University Press. Reprinted with the permission of the Johns
Hopkins University Press.
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In the paper the solution was written for a positive definite metric, but there is
the implication that the signature can be Lorentzian, with the possibility that x1 be a
timelike or a spacelike coordinate.1 The metric was given in the form

ds2 = x2a1
1 dx2

1 + x2a2
1 dx2

2 + x2a3
1 dx2

3 + x2a4
1 dx2

4 ,

where

a2 + a3 + a4 = 1 + a1, a2
2 + a2

3 + a2
4 = (1 + a1)

2.

Thirty years later Taub [22] gave the Kasner solutions, which form a 1-parameter
family of solutions, in the following now-familiar form

ds2 = −dt2 + t2p1 dx2
1 + t2p2 dx2

2 + t2p3dx2
3 , (1)

where the constants p1, p2 and p3 satisfy

p1 + p2 + p3 = 1, p2
1 + p2

2 + p2
3 = 1.

Taub, who was unaware of Kasner’s paper, derived these solutions during a systematic
investigation of spatially homogeneous vacuum solutions, i.e., solutions that admit
a three-parameter group of isometries acting on spacelike hypersurfaces. He showed
that (1) was the general solution in which the group is of Bianchi type I (see Sect. 6). In
this context one thinks of the Kasner solutions as representing idealized universes that
are expanding in a highly anisotropic manner and in which the matter has a negligible
effect on the dynamics.

To the best of this writer’s knowledge, Lifshitz and Khalatnikov [15] were the first
to show that the Kasner solutions2 have a much broader significance than might be
expected, in that they approximate a general class of cosmological solutions near the
initial singularity. These investigations culminated in the discovery [3] that the evolu-
tion of a sufficiently general cosmological solution towards the initial singularity has
an oscillatory nature, with the solution passing through an infinite series of epochs in
time, during each of which the metric is approximated by a Kasner metric, now called
Kasner epochs. This behaviour has its simplest manifestation in the non-rotating spa-
tially homogeneous universes of Bianchi types VIII and IX, and in fact the oscillatory
behaviour in vacuum Bianchi IX universes was discovered independently by Misner
[18], using a Hamiltonian formulation of the Einstein field equations. He coined the
term “Mixmaster universe” to describe the mixing effect in these models. The geo-
metrical reason for the oscillatory behaviour is that spatial curvature destabilizes the

1 The Kasner metrics with spacelike coordinate, in which case the spacetime is static, have also been studied
in the literature. We refer to Harvey [13], (see in particular his Eq. (34)), and to Stephani et al. [21] (see in
particular, Sect. 13.3.2, p. 197, and Table 18.2, p. 285), for details and further references.
2 These authors give credit to Taub [22] for the discovery of the solutions, but in a paper published two
years later [16] they note that “This solution was apparently first obtained by Kasner (1921)” (see p. 195).
It thus appears that Kasner’s paper was “discovered” by relativists in the early 1960s.
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Kasner solutions, causing a general solution that is close to one Kasner solution to
be repelled and then attracted to a different Kasner solution. During the transition3

between Kasner solutions the general solution is approximated by a Taub vacuum solu-
tion of Bianchi type II (first given by Taub [22] Eqs. (7.1)–(7.2)). There is a simple law
relating successive Kasner epochs, called the Kasner map (see, e.g., [4,26, p. 236]). In
the Hamiltonian formulation, the evolution of spatially homogeneous cosmologies is
represented as the motion of a particle in a time-dependent potential, and the Kasner-
to-Kasner transitions are described heuristically as “bounces off potential walls”, with
the Kasner map being encoded as a “bounce law” (for a simple description, see Uggla
[23], pp. 222–226).

It is initially surprising that the Kasner solutions, which are vacuum solutions,
should determine the dynamics of cosmological models with matter, on approach to
the singularity. This aspect of the behaviour hinges on a conjecture4 by Belinskii,
Khalatnikov and Lifshitz (BKL) to the effect that “matter does not matter” close to
the cosmological initial singularity, i.e., matter is not dynamically significant in that
epoch (see [16], p. 200 and [4], p. 532 and p. 538).

The Kasner solutions arise very naturally when one formulates the Einstein field
equations for non-tilted spatially homogeneous cosmologies as a dynamical system, as
was first done by Collins [9] for some special classes of models. The Kasner solutions
are then represented as equilibrium points (i.e., fixed points) of the dynamical system,
reflecting the fact that they are self-similar solutions, i.e., admit a homothetic vector
field, as was first pointed out by Eardley [10]. In the dynamical systems formulation of
Collins, as developed further by Wainwright and Hsu [25], the set of Kasner solutions is
represented by a circle of equilibrium points, the Kasner circle. The Kasner equilibrium
points are saddle points, and their instability manifests itself in the Taub orbits that
join a given Kasner point to a different Kasner point. The oscillatory approach to the
singularity is now described by the behaviour of orbits in the state space: during the
asymptotic stage the orbit of a typical model of Bianchi type VIII or IX is approximated
by an infinite sequence of Taub orbits successively joining Kasner points [17]. It was
thus conjectured that the union of the Kasner circle and the set of all Taub orbits forms
the past attractor in the state space of non-tilted spatially homogeneous cosmologies,
called the Mixmaster attractor ([26], Sect. 6.4).

The research described above concerning the role of the Kasner solutions in the
oscillatory approach to the singularity has been heuristic, relying on approximations
of various sorts and on numerical simulations. In 2001, however, Ringström was able
to use the dynamical systems formulation to prove that typical orbits in the state space
for Bianchi IX models are past asymptotic to the Mixmaster attractor [20], which
represents a major step in providing a rigorous foundation for the oscillatory approach
to the singularity.

The discussion so far has concerned the occurrence of Mixmaster dynamics in
spatially homogeneous solutions. The scope of the discussion, and hence of the sig-
nificance of the Kasner solutions, is increased dramatically by a second conjecture of

3 This transition is described in detail in [3], Eqs. (2.11)–(2.19).
4 Exceptions to this conjecture are provided by a stiff fluid or a massless scalar field (see, e.g., [1]).
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BKL to the effect that near a cosmological initial singularity, Einstein’s field equa-
tions effectively reduce to ODE, i.e., the spatial derivatives are dominated by the time
derivatives, and hence have a negligible effect on the dynamics (see [5], p. 656). One
thus expects that Mixmaster dynamics will occur in sufficiently general spatially inho-
mogeneous solutions, but that the specific sequence of Kasner epochs will depend on
which fundamental world line one follows into the past. The situation can be summa-
rized in the following conjecture: for almost all cosmological solutions of Einstein’s
field equations, a spacelike initial singularity is vacuum-dominated, local and oscil-
latory [24]. Equivalently one can say that local Mixmaster dynamics occurs [7]. There
is now a rich variety of numerical and heuristic work supporting the conjecture, in
addition to the initial BKL work (see [5] for a review of this research), much of it
based on the Hamiltonian approach. We refer in particular to Berger et al. [8] for ana-
lytical and numerical results supporting the conjecture in vacuum solutions with a T 2

isometry group, and to Berger [6] for further discussion and references (see Sect. 3).
Numerical simulations supporting the conjecture in vacuum cosmological solutions
with no symmetry have been reported by Garfinkle [11].

One of the difficulties in proving the BKL conjecture is in giving a precise formu-
lation of their claims. In order to address this difficulty, Uggla et al. [24] reformulated
Einstein’s field equations by introducing scale-invariant variables that have the prop-
erty that the variables are bounded asymptotically on approach to the singularity. This
made it possible to formulate the BKL conjecture in terms of specific limits, which may
represent a first step in providing a proof. The discussion of the validity of the BKL
conjecture is, however, complicated by the fact that as the singularity is approached
localized spatial structure may form along individual fundamental worldlines, indi-
cating that spatial derivatives are not negligible along these worldlines, with the result
that local Mixmaster dynamics does not occur. This behaviour has been studied
analytically [19] and numerically [2,12] in vacuum Gowdy solutions. Whether or
not this behaviour is restricted to a set of fundamental worldlines of measure zero is
not known at present.5

In conclusion, it is clear that the Kasner solutions, despite their extreme simplicity,
are playing a fundamental role in the ongoing efforts to understand the asymptotic
dynamics of cosmological solutions of the Einstein field equations, on approach to the
singularity.

Edward Kasner: a brief biography

Andrzej Krasiński (compiled from Refs. [27,28] below)

Edward Kasner was born in New York City on 2 April 1878. Kasner once said that
the first time he heard the word “mathematician” was at the age of 8, when his teacher
at Public School No. 2 told him he would become a great one. At the age of 13, he
entered the College of the City of New York to pursue a five-year course of study that
combined the then standard high school and undergraduate curricula. He completed

5 I thank Woei Chet Lim for helpful comments on this matter.

123



Republication of: Geometrical theorems on Einstein’s cosmological equations 869

this program on schedule to earn his B.S. in 1896. He followed this with graduate work
at Columbia University, where he studied principally under the Göttingen-trained
American mathematician Frank Nelson Cole. Kasner took his Columbia A.M. and
Ph.D. in mathematics in 1897 and 1899, respectively. Columbia University’s records
suggest that his was only the second or third doctorate in mathematics awarded there.
In 1899 he proceeded to Göttingen for additional postgraduate training and he spent
the 1899–1900 academic year mostly in the lecture rooms of Felix Klein and David
Hilbert.

Kasner returned to New York to take up his new post as tutor in mathematics at
Barnard College in 1900. He remained in that position until 1905, receiving then a
promotion to the rank of instructor and to that of adjunct professor one year later.
His undergraduate teaching aimed not so much to produce future mathematicians as
to instill an appreciation of the subject in his students. To this end, he instituted the
“mathematics bulletin board” on which he regularly posted students’ work of special
interest or merit. It became a recognized, though unofficial, honour for students to
find their work so displayed. Kasner also participated in the monthly meetings of the
American Mathematical Society (AMS), held in New York City, frequently presenting
talks on his latest research work in the field of differential geometry. In 1904 he was
asked to give a keynote address on geometry at the International Congress of Arts and
Sciences associated with the St. Louis World’s Fair. He chose as his topic “Present
Problems of Geometry”, and he shared the platform with Henri Poincaré. In 1906 he
was elected to the vice presidency of the American Association for the Advancement of
Science (AAAS), to the chair of the AAAS’s Section on Mathematics and Astronomy
and to the vice presidency of the AMS in 1908. The AMS selected him to deliver
the prestigious Colloquium Lectures of the AMS in the summer of 1909. He spoke
on his then recent work in the trajectories of dynamics, and his lectures came out in
book form in 1913 as “Differential Geometric Aspects of Dynamics” (published again
in 1934).

Kasner shifted his position permanently from Barnard to Columbia in 1910, when
the Columbia trustees offered him a full professorship. He remained on the Columbia
faculty for the rest of his career during which he pursued four areas of research:
differential geometry applied to dynamics (until 1920), the geometrical aspects of
Einsteinian relativity (1920–1927), the analysis of the polygenic functions of a com-
plex variable (1927–1940), and the geometrical analysis of horn angles (1940–1955).
In 1917 he was elected to the National Academy of Sciences.

In addition to his research work at Columbia, Kasner also devoted himself to the
training of graduate students, regularly running his “Seminar in Differential Geome-
try”. As Jesse Douglas, one of his pupils, has described it, “Kasner’s mode of presenta-
tion was ideal for those seeking fruitful research problems. The theme of his advanced
teaching, in any mathematical situation under discussion, was this: ‘Have we a prob-
lem here? Is there something still incomplete, something of significance or interest
left to be investigated? Is there a property stated which is not characteristic?—then
find a characteristic property’ ”. Kasner thus challenged his auditors to do mathe-
matics actively by critically questioning and examining—not merely accepting—the
mathematics received.
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Kasner often was asked to give mathematical presentations in kindergartens and
private schools, building his lectures on such occasions around common and easily
understood questions like “How many pennies can you place on the floor touching one
penny?” With apparent ease, he would proceed to give the children in his audience an
intuitive appreciation of deep problems in mathematics, such as the three-dimensional
analog of this question, namely, sphere-packing. Kasner also offered, through New
York’s New School of Social Research, a popular evening course, “Fundamental Con-
cepts of Mathematics”, that aimed to introduce adult students to some of the key
concepts of basic mathematics. He coauthored, with his student James Newman, the
widely read book “Mathematics and the Imagination” (1940). There he popularized
two terms he had challenged his young nephews to invent in the course of his ongo-
ing mathematical discussions with them, namely, googol for 10100 and googolplex or
10googol.

One of Kasner’s great interests was painting and sketching in watercolor. During
his visits to Europe he often attended a school of art in Paris. He was a life member
of the Metropolitan Museum of Art in New York, where he was a regular visitor.

Kasner assumed the Robert Adrain Professorship in mathematics at Columbia in
1937. From this point on, he conducted much of his research in collaboration with his
student John De Cicco. Kasner retired as Adrain Professor Emeritus in 1949. In 1954,
on the occasion of the bicentennial convocation, the Columbia University awarded
him the honorary doctorate in science (another recipient of the same honour, on the
same day, was the Queen Mother Elizabeth of England). Never married, he died in
New York City on 7 January 1955.

Among his most important works not mentioned above are “The Present Problems
of Geometry”, Bulletin of the American Mathematical Society 11 (1905): 283–314;
and “The Theorem of Thomson and Tait and Natural Families of Trajectories”, Trans-
actions of the American Mathematical Society 11 (1910): 121–140. On Kasner’s life,
consult Ref 28 below, which includes a photograph, a technical discussion of Kasner’s
mathematical achievements, and a complete bibliography of his works. For a sense
of Kasner’s place in the American mathematical community, consult Della Dumb-
augh Fenster and Karen Hunger Parshall, “A Profile of the American Mathematical
Research Community: 1891–1906”, in The History of Modern Mathematics, vol. 3
(1994), pp. 179–227. An obituary is in the New York Times 8 Jan. 1955. Ref. [29]
below is an essay on Kasner, written while he was still professionally active, on the
occasion of publication of “Mathematics and the Imagination”.

Acknowledgments I am grateful to Robert Jantzen for his great help in tracing Kasner’s biographies in
the literature.

References

Editor’s note

1. Andersson, L., Rendall, A.B.: Quiescent cosmological singularities. Commun. Math. Phys. 218, 479–
511 (2001)

2. Andersson, L., van Elst, H., Lim, C., Uggla, W.C.: Gowdy phenomenology in scale-invariant vari-
ables. Class. Quantum Grav. 21, S29–S57 (2004)

123



Republication of: Geometrical theorems on Einstein’s cosmological equations 871

3. Belinskii, V.A., Khalatnikov, I.M.: On the nature of the singularities in the general solution of the
gravitational equations. Soviet Phys. JETP 29, 911–17 (1969)

4. Belinskii, V.A., Khalatnikov, I.M., Lifshitz, E.M.: Oscillatory approach to a singular point in the
relativistic cosmology. Adv. Phys. 19, 525–73 (1970)

5. Belinskii, V.A., Khalatnikov, I.M., Lifshitz, E.M.: A general solution of the Einstein equations with a
time singularity. Adv. Phys. 31, 639–67 (1982)

6. Berger, B.K.: Numerical approach to spacetime singularities. Living Reviews in Relativity, vol. 5, p. 1.
http://www.livingreviews.org/lrr-2002-1 (2002). Accessed 12 Dec 2006

7. Berger, B.K.: Hunting local mixmaster dynamics in spatially inhomogeneous cosmologies. Class.
Quantum Grav. 21, S81–S95 (2004)

8. Berger, B.K., Isenberg, J., Weaver, M.: Oscillatory approach to the singularity in vacuum spacetimes
with T 2 isometry. Phys. Rev. D64, 084006 (2001)

9. Collins, C.B.: More qualitative cosmology. Commun. Math. Phys. 23, 137–56 (1971)
10. Eardley, D.: Self-similar spacetimes: geometry and dynamics. Commun. Math. Phys. 37, 287–309

(1974)
11. Garfinkle, D.: Numerical simulation of generic singularities. Phys. Rev. Lett. 93, 161101 (2004)
12. Garfinkle, D., Weaver, M: High velocity spikes in Gowdy spacetimes. Phys. Rev. D 67, 124009 (2003)
13. Harvey, A: Will the real Kasner metric please stand up. Gen. Rel. Grav. 22, 1433–1445 (1990)
14. Kasner, E.: Geometrical theorems on Einstein’s Cosmological equations. Am. J. Math. 43, 217–221

(1921)
15. Lifshitz, E.M., Khalatnikov, I.M.: On the singularities of cosmological solutions of the gravitational

equations. Soviet Phys. JETP 12, 558–63 (1961)
16. Lifshitz, E.M., Khalatnikov, I.M.: Investigations in relativistic cosmology. Adv. Phys. 12, 185–249

(1963)
17. Ma, P.K.-H., Wainwright, J.: A dynamical systems approach to the oscillatory singularity in Bianchi

cosmologies. In: Perjés, Z. (ed.) Relativity Today. Nova Science Publishers, Commack, New York
(1992)

18. Misner, C.W.: Mixmaster universe. Phys. Rev. Lett. 22, 1071–74 (1969)
19. Rendall, A.D., Weaver, M.: Manufacture of Gowdy spacetimes with spikes. Class. Quantum

Grav. 18, 2959–2975 (2001)
20. Ringström, H.: The Bianchi IX attractor. Annales Henri Poincaré 2, 405–500 (2001)
21. Stephani, H., Kramer, D., MacCallum, M.A.H., Hoenselaers, C., Herlt, E.: Exact Solutions to Einstein’s

Field Equations, 2nd edn. Cambridge University Press, Cambridge (2003)
22. Taub, A.H.: Empty space-times admitting a three-parameter group of motions. Ann. Math. 53, 472—

490 (1951); reprinted, with historical comments, in General Relativity & Gravitation 36, 2689 (2004)
23. Uggla, C.: Hamiltonian cosmology. In: Wainwright, J., Ellis, G.F.R. (eds.) Dynamical Systems in

Cosmology. Cambridge University Press, Cambridge (1997)
24. Uggla, C., van Elst, H., Wainwright, J., Ellis, G.F.R.: Past attractor in inhomogeneous cosmology. Phys.

Rev. D 68, 103502 (2003)
25. Wainwright, J., Hsu, L.: A dynamical systems approach to Bianchi cosmologies: orthogonal models

of class A. Class. Quantum Grav. 6, 1409–31 (1989)
26. Wainwright, J., Ellis, G.F.R (eds.): Dynamical Systems in Cosmology. Cambridge University Press,

Cambridge (1997)

Edward Kasner – a brief biography

27. Parshall, K.H.: In American National Biography Online. http://www.anb.org
28. Douglas, J.: Edward Kasner April 2, 1878—January 7, 1955. In: National Academy of Sciences—

Biographical Memoirs, vol. 31, pp. 179–209 (1958)
29. Block, M.: editor, Current biography. Who’s news and why 1943. The H. W. Wilson Company; the

entry on “Edward Kasner”, pp. 368–370

123

http://www.livingreviews.org/lrr-2002-1
http://www.anb.org


872 J. Wainwright, A. Krasiński
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