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Program of lectures, 20h (10x2hrs), 2 ECTS points

• Short review of classical electrodynamics
• Physics of plasmas, kinetic theory
• Derivation of General Ohm’s law 
• Alfven waves
• Toroidal and poloidal fields
• Helmholtz decomposition
•  Conductivity tensor
• Reconnection
• Boussinesq approximation
• Dynamo mechanism
• Cylindric Taylor-Couette flow & dynamo
• Nonlinear (hydromagnetic) dynamo
• Magnetorotational instability (MRI)
• Classical hydrodynamic and hydromagnetic instabilities
• Hartmann flow,
• Numerical simulations of turbulence (hands-on)
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MHD, lecture 1
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• Short review of classical electrodynamics

• Perturbation theory

• Frozen flux condition



Top secret physics
Not so long time ago (mid-20 ct.) this topic was under military “Confidential” notice: R. 

Courant 1944 issued a report for USA military:
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Top secret physics
6

This was released to public in 1948, but for some research it lasted 
longer: 10 years later, work on reconnection by Petcheck was still 
“Classified”! In 2013 I published an article on fast reconnection, 
but did not have the access to Petchek’s work-only few years later 
there was a scan available online, for decades it was available only 
in the library somewhere in the USA.



Classical electrodynamics & MHD

•What we need to add to the CE knowledge for dealing with MHD? 

•In MHD we will deal with Maxwell’s equations and fluid equations, plus gas laws.

•A solid conductor will behave different from the fluid one (liquid or gas). Conductivity occurs 
with motion of electrons, but this is large, compared to atomic scales, even in solid bodies.

•In solid bodies, dynamic effects (e.g. conductivity, Hall effect) occur, but not the mass motion.

•In fluids or gasses, we observe the flow of mass, too; the magnetic field affects both electrons 
and ions.

•Physics of plasmas and MHD are not sharply separated, but they do deal with different 
regimes. Mostly we see the difference in the kinds of waves they are dealing with, and in time 
scales. 

•Plasma oscillations and MHD waves are different. By the simple Drude model, the former are 
consequence of collisions, with effective, frictional drag forces, affecting the direction and 
speed of electrons which are accelerated by the applied fields. These forces are trying to restore 
the equilibrium after separation of charges, which occurs at the frequencies much larger than 
the collisional frequencies. The latter are those which are oscillating with lower frequencies, 
they include the movement of fluid but do not include the charge separation, and the 
displacement current in Ampere’s law is neglected.

7



What is MHD?

•Encyclopedia Britannica: “Magnetohydrodynamics (MHD), the 
description of the behaviour of a plasma or, in general, any electrically 
conducting fluid in the presence of electric and magnetic fields.

A plasma can be defined in terms of its constituents, using equations to 
describe the behavior of the electrons, ions, neutral particles, etc.  It is often 
more convenient, however, to treat it as a single fluid, even though it 
differs from fluids that are not ionized in that it is strongly influenced by 
electric and magnetic fields, both of which can be imposed on the plasma 
or generated by the plasma; the equations describing the behaviour of the 
plasma, therefore, must involve the close relationship between the plasma 
and the associated fields.”

“Plasma, in physics, an electrically conducting medium in which there are 
roughly equal numbers of positively and negatively charged particles, 
produced when the atoms in a gas become ionized.  It is sometimes 
referred to as the fourth state of matter, distinct from the solid, liquid, and 
gaseous states.”

The MHD description of electrically conducting fluids was first developed 
by Hannes Alfvén in a 1942 paper published in Nature titled "Existence of 
Electromagnetic–Hydrodynamic Waves" which outlined his discovery of 
what are now referred to as Alfvén waves. His one-column article is indeed 
in a Scandinavian style (not valid for sagas!): short and novel. Learn from 
masters!
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A fast-forward through the derivation of MHD equations: the mass conservation
The equations of ideal MHD are the mass continuity equation, the momentum equation with the 

inclusion of the Lorentz force, the induction equation, and the divergence-free magnetic field constraint 
div B=0. Non-ideal MHD includes the dissipative terms like viscosity and resistivity. Let’s go through the 
preparatory material, so we’d have the equations handy. To describe the moving fluid, 5 equations are 
needed: density, pressure (or temperature or entropy, as through the eq. of state we can always compute the 
remaining quantities from any two of the thermodynamical quantities) and three velocity components. 
Approximation we introduce with such macroscopic eqs. is that “small volume” always includes many fluid 
particles.
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A fast-forward through the derivation of MHD equations: the momentum 
conservation
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The convective derivative 11



Back to the momentum conservation: Euler equation
12



Adiabatic flow

•If we ignore the exchange of heat between the fluid elements, we have adiabatic flow. Entropy of 
the fluid elements does not change
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Bernoulli equation
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Not the part of the ideal MHD eqs. but let’s derive the energy conservation eq.
15



The energy conservation eq.
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A fast-forward through the derivation of MHD equations: adding 
the electromagnetic part to the momentum eq.
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Now we will add the electromagnetic part to the HD equations.



Induction eq.
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Induction eq.
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Frozen flux
 condition
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Perturbation theory
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MHD, lecture 2
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• Physics of plasmas, kinetic theory

• Derivation of Fokker-Planck eq.



Kinetic theory
23

Some would say the only real 
plasma theory is kinetic theory, 
but fluid approach is surprisingly 
successful when the 
approximations it uses apply.



Equations of the kinetic 
theory
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Equations of the kinetic theory-derivation of fluid eqs.
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Equations of the kinetic theory-derivation of fluid eqs.
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The third moment of 
the Boltzmann eq. we 
would obtain 
multiplying it with 
0.5mvv. Instead of the 
stress tensor P we 
would then obtain the 
heat conducting 
coefficient-→setting it 
to zero, we would 
obtain the simplest eq 
of state, P= n^γ



Electrostatic oscillations in warm plasma
27

Two-fluid plasma shows growing instabilities with decreasing velocities of particles in fluids, which is 
counterintuitive when we know that a system stabilizes with the velocities of flows decreases to zero. To 
resolve the inconsistency, we need a theory taking into account the thermal movement of electrons and 
ions in the plasma. We will work one example in detail, to see how it goes.



Electrostatic 
oscillations in warm 

plasma
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Electrostatic 
oscillations in warm 

plasma
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Electrostatic 
oscillations in warm 

plasma-Fokker-Planck 
eq.

30



Electrostatic 
oscillations in 
warm plasma-

Fokker-Planck eq.
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Electrostatic oscillations in warm 
plasma-Fokker-Planck eq.
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• Derivation of general Ohm’s law

• Short, usually used version of Ohm’s law

• Further approximations, large conductivity limit



General Ohm’s law 34

We consider a two-fluid (electric charge) neutral plasma consisting of electrons and protons, assuming the 
Maxwell distribution for both species, with taking into account the temperature difference between them.



General form of the eq. of moments 35



Eqs. of moments 36



General Ohm’s law 37



General Ohm’s law 38



General Ohm’s law 39



General Ohm’s law 40



General Ohm’s law 41



General Ohm’s law 42

Combining the equations for K for each kind of particles we obtained the equation of motion in the middle 
of slide 39, but the current density is coupled with the first moment of two mediums by eqs.



General Ohm’s law 43



General Ohm’s law 44

In the frequency of collisions ν, consideration for relaxation times give approximations from 
which for electron-proton plasma ν=10² nT‾³∕² .

From the relation in the middle of previous slide we could compute η, but for a more precise 
value we need to include the electron-electron collisions. Since the isotropization because of 
such collisions is faster than for electron-ion collisions, which we therefore can neglect.

Inclusion of electron-electron collisions increases the resistivity for a factor of 2.7 , so
 ν=10³∙⁷ nT‾³∕² giving  η=1/σ=10³∙⁷ nT‾³∕² in modified Gauss units, with current expressed in 
emu and electric field in esu.
 
It is interesting that the plasma number density is not present in the expression. It is because of 
the proportionality of both the plasma number carriers and the frequency of collisions with n, so 
the two effects  cancel in the equations.

Now we embark on various simplification of the general expression G, to obtain the Ohm’s law 
usually used in practice. 



Ohm’s law in 
ideal MHD 

systems
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Ohm’s law in 
ideal MHD 

systems
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Ohm’s law in 
ideal MHD 

systems
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• Alfven waves

• Toroidal and poloidal fields

• Helmholtz decomposition



Waves in magnetized plasmas 49

In nonmagnetic hydrodynamics, except surface waves, the only other possible waves of small 
amplitude are longitudinal, sound waves. Speed of propagation of such waves is related to 
derivation of pressure with respect to density, with constant entropy. At the end of the 
previous lecture, we found the pressure & density relation which is relevant in most 
astrophysical plasmas. It characterizes hydrodynamical waves. In magnetic plasmas, there is 
another kind of waves, related with transverse motion of the lines of magnetic induction B. 
Tension in those lines, which is of magnetic origin, tends to straighten them, and this 
produces transverse oscillations.

Analogous to usual sound waves soundspeed²=pressure/density, we expect v=B^2/(8πρ), 
where B^2/(8π) is the magnetic pressure and v is the Alfven speed, the speed of propagation 
of such waves.

In addition to them, there exist also longitudinal magnetic wave=magnetosonic wave. Let’s 
derive those waves in magnetized plasmas. 



Alfven waves
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Longitudinal Alfven waves 51



Transverse Alfven waves 52



Magnetosonic and Alfven waves 53



Magnetosonic and Alfven waves in non-ideal fluids 54



Magnetosonic and Alfven waves in non-ideal fluids 55



Alfven waves at 
higher frequencies

56

We neglected Maxwell’s 
displacement current, so 
our solutions are valid 
only for low frequencies. 
At higher frequencies 
charge separation 
increases in influence, but 
even if we ignore this, the 
displacement current 
changes the solutions. 



Toroidal and poloidal fields 57
It is often useful, especially in axisymmetric cases, to represent vector fields as a sum of two perpendicular 
vector fields, so called poloidal and toroidal vector fields. There are some useful properties of such fields, 
which enable reducing of the vector equations to the systems of scalar equations. Such methods are often 
useful in the theory of turbulent dynamos, relevant in astrophysics.



Toroidal and poloidal fields
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Helmholtz decomposition 59
Helmholtz theorem, or fundamental theorem of vector calculus: any sufficiently smooth, rapidly decaying 
vector field in 3D can be resolved into the sum of curl-free (=irrotational) and a divergence free 
(=solenoidal) vector fields. Equivalently, any vector field can be generated by a combination of a vector 
potential and a scalar potential:



MHD, lecture 5
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• Conductivity tensor

• Reconnection

• Dynamo



Conductivity tensor 61

On slide 45 we obtained a version of 
the Ohm’s law which is often used. 
What are its implications on the 
current and electric field?



Reconnection 62



Reconnection 63

The first mention of reconnection in astrophysics was in solar physics, with a problem: how it is that 
energy of the magnetic field is released from the fluid when the lines of magnetic field are “frozen” in 
it? All the other sources of energy in the Sun flares were too small, only magnetic field from the solar 
corona seemed possible.

• Theory of Chromospheric Flares, Ronald Gordon Giovanelli, Nature volume 158, pages 81–82 (1946)

Abstract: It has been established from observation that chromospheric flares are closely associated with sunspots, 
and that the probability of a flare occurring near a spot increases with the size of the latter. The probability is higher 
when the group is increasing its size than when it is stationary, and it is also higher for magnetically complex βγ and 
γ-groups than for the simpler α- and β-type groups. The flares themselves are short-lived phenomena, of mean life 
about thirty minutes, and are quite localized. It is generally accepted that they show no velocity either in height or 
across the surface of the sun.

A mechanism is proposed here of the production of these flares based on the energies acquired based on charged 
particles moving in induced electric fields associated with sunspots.

------------------------------------

•  But how there could be flares of magnetic energy from the hot, and therefore, perfectly 
ionized=conducting plasma=>no magnetic diffusion. For a 10^6 K corona, magnetic diffusion η=10 000 
cm²/s , which means that in a region of 10^4 km typical for flares a typical timescale τ=L²/η would be 
τ=10^14 s , but it is usually τ=1000 s.

• Soon it was shown by Sweet & Parker that it is not as bad: contrary to the case in a solid conductor, in 
plasma the changes of B stirs the fluid into motion. Plasma, carrying the frozen B, may generate steep 
gradients of B typically located in shell-like structures, which leads to much shorter diffusion times-this is 
concept of resistive current sheets (Sweet-Parker sheets): distance_transverse distance δ~sqrt(τ_A η) , 
since the typical speed for MHD is Alfven speed. This defines the timescale τ_A~1 s. The dynamics is 
limited by the rate of convective field transport toward the sheet which is about 10^7 s. It is much 
shorter than before, but still few orders of magnitude larger than measured value.

https://www.nature.com/


Reconnection 64

At a symposium on 
solar fields Petchek 
presented even faster 
mechanism for energy 
exchange, where the 
speed depends only 
logarithmically on 
magnetic diffusivity η.

Such models were not 
real models of 
reconnection, but 
rather MHD 
configurations set-ups 
assuming the presence 
of an efficient 
reconnection 
mechanism-they 
assumed resistivity 
provided such a 
mechanism. In 1980-
ies it was shown that 
Petchek’s 
configuration is not 
valid in resistive 
MHD, not shortened, 
but extended current 
sheets are formed.



Reconnection 65



Reconnection 66

In magnetospheric physics, the problem of reconnection is approached in a different way. Except for the Earth 
ionosphere, the magnetospheric plasma is so dilute that Coulomb collisions practically do not occur=>classical 
resistivity vanishes. Can magnetic reconnection occur in a collisionless plasma?This problem was already recognized 
by James Dungey (who coined the term ‘magnetic reconnection’ in his PhD Thesis 1950; in 1970-ies also “magnetic 
field merging” was used, but today is phased out) who investigated magnetospheric convection. The usual approach 
was to consider the small scale turbulence excited by some microinstability, so that the scattering of electrons by 
charge fluctuations effectively mimics the Coulomb collisions=effective or anomalous resistivity.

None of the many proposed causes of 
such resistivity was satisfying for 
Earth magnetotail.

Fast quasi-collisionless reconection 
became relevant also during the 
tokamak experiments, in explanation 
of sawtooth oscillations, an internal 
relaxation oscillation, where in Ohm’s 
law nonlinear terms other than 
resistivity grow in importance.

Today it seems that collisionless 
reconnection is significantly more 
efficient than resistive diffusion and 
allows fast quasi-Alfvenic 
reconnection velocities.



Reconnection 67

In addition to time scales, another important feature for reconnection is energy partition. 
Electromagnetic energy is eruptively released in reconnection into:

-Bulk plasma motion, often generates a strong shock, the explosive blast wave;

-Electron and ion heating;

-Acceleration of a certain number of electrons and ions to superthermal energies.

• For reconnection, threshold conditions are also important: a certain amount of free energy has to be 
accumulated before rapid relaxation sets in→sudden onset of energy release.



Reconnection 68



Reconnection rate in 3D 69



Reconnection rate in 3D 70



Reconnection rate in 3D 71



Reconnection in 3D 72
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Boussinesq approximation

Dynamo mechanism:
-kinematic, nonlinear (hydromagnetic) dynamo
-alpha and alpha-omega dynamos

Cylindric Taylor-Couette flow & dynamo

Nonlinear (hydromagnetic) dynamo

Magnetorotational instability (MRI)

73



Boussinesq approximation
Where the fluid varies in temperature 
(or composition) from one location to 
another, driving a flow of fluid and heat 
or mass transfer, if we can neglect the 
variations of density, then we can write, 
from the mass continuity:

A, B and C are the basic convection 
equations in Boussinesq approximation.

Boussinesq flows look the same when 
viewed upside-down, provided that the 
identities of the fluids are reversed. The 
Boussinesq approximation is inaccurate 
when the dimensionless density 
difference Δρ/ρ is approximately 1, i.e. 
Δρ ≈ ρ. 
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Dynamo mechanism
-Dynamo theory started with Joseph Larmor idea about the origin of the Earth magnetic 
field in 1919. With the development of the MHD, dynamos are considered for magnetic 
fields in astrophysics. Most of the work on analytic theories and numerical simulations, 
but from the beginning of 21st ct. also various liquid metal experiments have been 
performed. 

Dynamos are divided into: 

-kinematic dynamos, the flow is prescribed

-nonlinear dynamos (or “hydromagnetic

dynamos”), with the flow affected by the

magnetic field through the Lorentz force. 

• Before Larmor, William Gilbert, the first to write

about magnetism (1600), thought Earth as a

permanent magnet. The next was Ampere’s

theory about “internal currents”. Today we

follow Elsasser’s theory which states the fluid

outer core of Earth as the site of Earth dynamo.
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Dynamo mechanism

Without dynamo, the magnetic field of Earth, created by any current captured in the mantle 
would disappear, because of ohmic decay, in about 20 000 years.

Elsasser investigated the history of the Earth's magnetic field, studying the magnetic 
orientation of minerals in rocks. The Earth field has existed at roughly its present intensity 
(except possibly during rapid reversals) on a geological time-scale of order 10⁹ years.

If the dynamo is to work, the outer core must be convecting likely some combination of 
thermal and compositional convection. The rate of westward drift (0.18" per year) suggests 
velocities of order u== 4 x 10‾⁴ m/s near the core-mantle interface. A characteristic length-
scale for magnetic perturbations associated with the variation is 1000 km. This gives a 
magnetic Reynolds number of ~150, which is not infinite, but allows, in the first 
approximation, the frozen-field assumption for magnetic field perturbations.
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Dynamo mechanism

• With the development of the MHD, dynamos are considered for magnetic fields in 
astrophysics. Most of the work on analytic theories and numerical simulations, but 
from the beginning of 21st ct. also various liquid metal experiments have been 
performed.

• Dynamo theory today mostly relies on mean field theory, in which small scale 
motions are exciting a large scale field.

• Dynamos are divided into: 

-kinematic dynamos, with the field considered negligible and therefore the flow can 
be considered as given. They can be small and large scale dynamos. Kinematic 
theory is usually used to test if the given flow can produce dynamo effect.

-nonlinear dynamos (or “hydromagnetic dynamos”), with the flow affected by the 
magnetic field through the Lorentz force. They are the saturations of the 
corresponding kinematic dynamos.
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Alpha and omega effects

The Alpha Effect

Twisting of the magnetic field lines caused by the effects of the Sun's rotation is called the alpha-effect after the 
Greek letter that looks like a twisted loop. Early models of the Sun's dynamo assumed that the twisting is produced 
by the effects of the Sun's rotation on very large convective flows that carry heat to the Sun's surface. One problem 
with this assumption is that the expected twisting is far too much and it produces magnetic cycles that are only a 
couple years in length.

The Omega Effect

Magnetic fields within the Sun are stretched out and wound around the Sun by differential rotation - the change in 
rotation rate as a function of latitude and radius within the Sun is called the omega-effect (Greek Omega is usual 
symbol for rotation rate). The Sun's differential rotation with latitude can take a north-south oriented magnetic field 
line and wrap it once around the Sun in about 8 months.
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Alpha dynamo

Most simple flows do not produce dynamos irrespective of their magnetic Reynolds 
number, which should be of the order of 10 for dynamo to work. Alpha-dynamo:

Helicity is defined as the 
dot product of the flow and 
vorticity.
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Dynamo

Example of computations Braginskii style, see the book by Moffatt, or with averages, 
for large scale kinematic dynamos:
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Alpha-omega dynamo
If we have a shear flow in the form ωz in the x direction, and the initial field is 
purely in the z direction, the induction effect is as written below, with the x-
component of the field linearly growing with time. Omega effect is a strong effect 
but is not a dynamo as it just converts one field component into another. 

If we combine an α-effect (which is usually very anisotropic and is most probable to 
convert e.g. a horizontal into vertical field) to convert an x-component of the field 
into the z-component with the ω-effect to convert it back to the x-component, we are 
completing the regenerative cycle and we can have an alpha-omega dynamo.   

81



Alpha-omega dynamo
82



Cylindric Taylor-Couette flow

A magnetized incompressible fluid is contained 
between two rotating finite cylinders – Fig.1 
from Rüdiger & Zhang (2001).
Ω(R)=a+b/R² , with a and b two constants 
related to rotation rates at two radii.
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Cylindric Taylor-Couette flow
84



Cylindric Taylor-Couette flow
85



Cylindric Taylor-Couette flow 86



Cylindric Taylor-Couette dynamo 87



Cylindric 
Taylor-
Couette 
dynamo
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Cylindric 
Taylor-
Couette 
dynamo
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Nonlinear (hydromagnetic) dynamo 90

When the Lorentz force starts to affect fluid motion, the nonlinear regime is 
reached-it usually happens at the end of the exponential growth of the field in a 
kinematic dynamo, quenching the dynamo, to result in some equilibrium state.

• An exception is a self-driving dynamo, with a flow existing only because of the 
Lorentz force. This is the case in magnetorotational instability (MRI). 

The rotation law in accretion discs is Keplerian, resulting from a balance between 
centrifugal and gravitational forces, implying the specific angular momentum 
increasing with radius, rendering hydrodynamically stable discs. In the presence of a 
magnetic field, points that are separated in space may be coupled nonlocally, so two 
points in a Keplerian orbit that are being pulled together will actually move further 
apart from each other. This is the essence of the MRI, which, because of large 
Reynolds numbers, leads to turbulence. Turbulence then can lead to dynamo effect. 
Simulations in the presence of stratification have shown that there can be an α effect, 
although the sign is opposite to the expected one. 

• Another exception is self-killing (suicidal) dynamo, in which the Lorentz force 
damps the exponential growth.



Magnetorotational instability (MRI) 91

An element of magnetized fluid 
experiences the Lorentz force JxB, 
which can be disruptive, causing 
instability, even with very weak B. For 
angular velocity of rotation decreasing 
with radial distance, the motion is 
unstable, with a destabilizing force 
proportional to the displacement. This is 
the origin of MRI (Balbus & Hawley, 
1991, but actually first studied by 
Chandrasekhar, 1953; and 1961 and 
Velikhov, 1959).

• mi experiences a retarding torque, loses 
angular momentum, and must fall to an 
orbit of smaller radius, corresponding to a 
smaller angular momentum. mo experiences 
a positive torque, acquires more angular 
momentum, and moves to a higher orbit. 
The “spring” stretches even more, the 
torques become larger, which results in the 
unstable motion.



Magnetorotational instability (MRI) 92

We consider a fluid element of mass 
circling about the central mass with Ω, 
which is a function of the distance R from 
the rotation axis. We assume that the 
orbital radius is r=R0 . The centripetal 
force required to keep the mass in orbit is 
−RΩ²(R) , the minus sign indicates a 
direction toward the center. If this force is 
gravity from a point mass M at the center, 

then the centripetal force is just −GM/R², 
where G is Newton's constant. 

For small departures from the circular 
motion of the orbiting mass element 
caused by some perturbing force. We 
transform variables into a rotating frame 
moving with the orbiting mass element at 
angular velocity Ω(R0)=Ω0 , with origin 
located at the unperturbed, orbiting 
location of the mass element. Working in 
a rotating frame, we need to add to the 
equations of motion a Coriolis force 

−2Ω0×v plus a centrifugal force RΩ₂² . 
The velocity v is the velocity as measured 
in the rotating frame. We restrict our 
analysis to a small neighborhood near R0 , 

say R0+x , with x much smaller than R0 . 
Then the sum of the centrifugal and 
centripetal forces is 



Magnetorotational instability (MRI) 93



Magnetorotational instability (MRI)-from scholarpedia 94



Summary

-
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