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ABSTRACT

Aims. I report results in numeri
al simulations of star-disk magnetospheri
 intera
tion. A thin a

retion disk with a


orona above a rotating stellar surfa
e is simulated, and a parameter study is performed to �nd trends in the angular

momentum �ux. The results are presented for young stellar obje
ts, but they 
an be res
aled to other obje
ts with

similar geometry.

Methods. I performed resistive and vis
ous magnetohydrodynami
 simulations that rea
hed a quasi-stationary state

for 
ases with di�erent parameters. I 
omputed angular momentum �uxes in the di�erent 
omponents of the �ow to


ompare the results.

Results. I present the simulation results with the matter density distribution and a sample of the magneti
 �eld lines,

gathered in an �Atlas� of solutions. The torque exerted on the star is 
omputed, together with the angular momentum

�ux that is expelled from the system in the 
ases with a 
oni
al out�ow. I �nd trends in the 
omponents of the �ow in

the part of parameter spa
e with a slowly rotating star.

Key words. Stars: formation, pre-main sequen
e, � magneti
 �elds �MHD

1. Introdu
tion

An analyti
al solution for a vis
ous a

retion disk was given

in Shakura & Sunyaev (1973) a few years after the �rst

numeri
al solution by Prendergast & Burbidge (1968). As

in many numeri
al and analyti
al models that followed, the

disk stru
ture was derived separately in radial and verti
al

dire
tion. The radial stru
ture was 
omputed by equations

averaged over the disk thi
kness and the verti
al stru
ture

from the hydrostati
 equilibrium in the verti
al dire
tion. In

some models, radiative transfer was also taken into a

ount.

Height-averaged 
omputations were shown to be insuf-

�
ient in the analyti
al work by Urpin (1984) and in many

numeri
al works as well, starting with Kley & Lin (1992).

In all of them, a ba
k�ow in the disk midplane o

urs that

is thought to be of thermal origin.

An analyti
al solution for a thin a

retion disk in three

dimensions was given in Kluzniak & Kita (2000, hereafter

KK00). They derived the equations of a polytropi
, vis
ous

hydrodynami
al a

retion disk using the Taylor expansion

in the small parameter ǫ = H/R, the disk aspe
t ratio.

Although thermal e�e
ts were negle
ted, ba
k�ow is still

present with the values of the vis
osity parameter αv <
0.685. Su
h a disk a

retes only at the higher latitudes,


loser to the surfa
e, and the ba
k�ow in the mid-plane

o

urs at a parti
ular distan
e from the star. Inside this

distan
e, matter always �ows toward the star. If αv > 0.685,
the disk a

retes a
ross the entire height.

When stellar magneti
 �eld and disk resistivity are

added in the model, the angular momentum transfer de-

pends on the details of star-disk magnetospheri
 intera
-

Send o�print requests to: M. �emelji¢

tion. As �rst shown in Ghosh & Lamb (1979a,b), to 
or-

re
tly des
ribe this intera
tion, it is not enough to 
onsider

the disk alone. The rotating stellar surfa
e and 
orona have

to be in
luded in the model so that the intera
tion with the

region in the disk below and beyond the 
orotation radius

is in
luded. Pioneering su
h simulations were Romanova

et al. (2009, 2013) and Zanni & Ferreira (2009, 2013). As

des
ribed in Zanni & Ferreira (2009, hereafter ZF09), to an-

swer the stellar angular momentum problem, the di�erent

regimes of magnetospheri
 intera
tion need to be probed

through exploration of the parameter spa
e. Here I follow

this suggestion.

In �2 I demonstrate the di�eren
e in the matter den-

sity distribution in the results with di�erent parameters,

obtained from a set of simulations sweeping through the

parameter spa
e. In �3 the results with di�erent parameters

in the simulations are 
ompared and trends are illustrated,

with 
on
lusions listed in �4. A short but detailed te
hni
al

exposition of the 
ode setup is presented in the appendix.

2. Simulations of star-disk magnetospheri


intera
tion

Using the pluto 
ode (v.4.1) (Mignone et al. 2007, 2012), I

performed simulations of star-disk magnetospheri
 intera
-

tion (SDMI). Initial 
onditions in the disk and 
orona and

boundary 
onditions at the edges of the 
omputational do-

main 
losely follow ZF09. See the appendix for the details

of the numeri
al setup.

Simulations span over 64 points in the parameter spa
e

(see Table 1), by varying stellar angular velo
ity Ω⋆, ex-

pressed in units of stellar breakup angular velo
ity Ωbr =
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Fig. 1. Fluxes for the 
ase with Ω⋆ = 0.1Ωbr, B⋆ = 0.5 kG, and αm=1. The left panel shows the mass �ux a
ross the disk at

R=12R⋆ (solid line), onto the star (dotted line) and into the stellar wind (dashed line) in units of Ṁ0 = ρd0R
2
⋆
vK⋆. The right panel

shows the angular momentum �ux of the matter in-falling onto the star from the distan
es below (solid line) and beyond (dashed

line) the 
orotation radius and in the stellar wind (dotted line) in units of stellar angular momentum. Verti
al solid lines mark the

interval in time in whi
h an average is taken to 
ompute the quasi-stationary state.

Table 1. Parameter spa
e in the study presented in the �Atlas�

for YSOs: stellar angular velo
ity Ω⋆, stellar dipole magneti


�eld strength B⋆, and the magneti
 Prandtl number Pm , for

whi
h the 
orresponding resistivity parameter αm is listed as

well, followed by the stellar rotation period and 
orotation ra-

dius.

Ω⋆/Ωbr B⋆(G) Pm αm P⋆(days) Rcor(R⋆)

0.05 250 6.7 0.1 9.2 7.37

0.1 500 1.67 0.4 4.6 4.64

0.15 750 0.95 0.7 3.1 3.54

0.2 1000 0.67 1.0 2.3 2.92

√

GM⋆/R3
⋆, stellar magneti
 �eld strength B⋆, and the

magneti
 Prandtl number

Pm =
2

3

αv

αm
, (1)

where αm is the resistive parameter. In the simulations pre-

sented here, the vis
osity parameter was �xed to αv = 1.
To 
ompare the results in the di�erent points in the

parameter spa
e, a quasi-stationary state in ea
h of the

simulations was found by 
omputing the mass �ux Ṁ and

the angular momentum �ux J̇ . The �uxes were 
omputed

by integrating

Ṁ =

∫

S

ρvp · dS, J̇ =

∫

S

(

rρvϕvp − rBϕBp

4π

)

dS , (2)

over the 
orresponding surfa
e S in the di�erent parts of

the �ow.

I 
omputed the mass and angular momentum �uxes

onto the star, into the stellar wind, and a
ross the disk

height in the middle part of the disk at Rd=12R⋆. When

an out�ow formed, the �uxes that 
ontributed to it were

also 
omputed at this distan
e. In the angular momentum

�ux onto the star, the parts 
oming from beyond and below

the 
orotation radius Rcor = (GM⋆/Ω
2
⋆)

1/3
were 
omputed

separately. The sign 
onvention is su
h that a positive an-

gular momentum �ux in
reases the total in the system and

a negative de
reases it. In both �uxes, the equatorial sym-

metry was taken into a

ount so that they were 
omputed

in a 
omplete meridional plane.

A typi
al example, 
omputed in one point of the pa-

rameter spa
e in the simulations, is presented in Fig. 1. It

shows that after relaxation from the initial and boundary


onditions (lasting typi
ally for 10-50 stellar rotations), the

quasi-stationary state is rea
hed. Os
illations in the sim-

ulations, still present into the quasi-stationary state, are

smoothed out by averaging over some 
hara
teristi
 inter-

val; typi
ally, an average was taken over ten stellar rota-

tions. In the 
onsidered example the averaging interval is

from 65 to 75 stellar rotations.

Su
h an interval in whi
h neither mass nor angular mo-

mentum �uxes varied strongly was 
hosen in ea
h of the

64 simulations. I 
omputed the average values of the angu-

lar momentum �ux in the various 
omponents in the �ow

during that time interval.

The density distribution in ea
h of the 64 
ases 
an be

represented by one of the three solutions from Fig. 2:

• Disk 
onne
ted with the star by an a

retion 
olumn

(DC).

• Disk pushed away from the star, without an a

retion


olumn (D).

• Coni
al out�ow above an a

retion 
olumn 
onne
ting

star and disk (DCE).

I label the three 
ases obtained in the quasi-stationary

state in the simulations as D, DC and DCE: D is the disk

alone, DC is with disk and 
olumn, and DCE is with the

disk, 
olumn, and magnetospheri
 eje
tion present in the re-

sult. This signature is used to form an �Atlas� of solutions

in Table 2. The numeri
al values for density and exa
t po-

sitions of the �eld lines in ea
h of the 64 simulations are

di�erent, but they qualitatively resemble the geometry of

the �ow 
omponents in one of the three listed 
ases.

3. Trends in the angular momentum �ux

After indi
ating the quasi-stationary states in simulations,

I pro
eed to 
ompare solutions presented in the �Atlas�. In

the �rst example, Fig. 3 shows a 
omparison of the den-

sity in the middle part of the disk in the simulations with

an in
reasing stellar magneti
 �eld. The density in
reases

with in
reasing magneti
 �eld. This trend 
ontributes to

the trends in mass and angular momentum �uxes.
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Fig. 2. Three di�erent 
ases of geometry in the results. The

top and middle panels show the matter density and a sample

of magneti
 �eld lines, with the stellar magneti
 �eld B⋆=1 kG

and the resistivity αm = 1, in the 
ases with the stellar rotation

rates Ω⋆=0.1Ωbr (top panel) where a stable a

retion 
olumn is

formed (DC for disk+
olumn) and Ω⋆=0.15Ωbr (middle panel)

in whi
h the faster stellar rotation prevents the stable a

retion


olumn formation (D for disk only). The bottom panel shows the

third 
ase, with the stellar magneti
 �eld B⋆=0.5 kG, resistivity

αm = 0.1, and the rotation rate Ω⋆=0.1Ωbr, in whi
h a 
oni
al

out�ow is formed (DCE for disk+
olumn+eje
tion).

In the se
ond example, the simulations are 
ompared

with the in
reasing stellar rotation rate, in whi
h the stellar

magneti
 �eld remains un
hanged. Angular momentum �ux

from the a

retion disk 
ontributes to various 
omponents

of the �ow: to the star through the a

retion 
olumn, to

the stellar wind, and to the 
oni
al out�ow when it forms.

By 
omparing the solutions, I �nd a trend in the angular

momentum �ux, as shown in Fig. 4. With the in
rease in

stellar rotation rate, the spin-up of the star by the infalling

matter de
reases and eventually swit
hes to a spin-down. A

similar out
ome is obtained in ea
h of the 
ases with di�er-

ent stellar magneti
 �eld strengths. This trend is expe
ted

be
ause for slowly rotating stars the torque exerted on the

star depends mostly on the stellar magneti
 �eld at ea
h

Fig. 3. Disk density in the simulations with Ω⋆=0.2Ωbr and

αm=1, measured along the disk height at R=12R⋆. Results

for B⋆=0.25 (solid bla
k line), 0.5 (short dashed green line),

0.75 (dash-dotted blue line) and 1kG (long dashed red line) are

shown. There is a trend in density with in
reasing stellar �eld.

The result in the simulations without a magneti
 �eld is shown

with pluses.

Table 2. Parameter spa
e in the simulations, with an �Atlas�

of solutions, where the geometry of the �ow 
omponents in ea
h


ase is labeled with D for disk, DC for disk+
olumn, and DCE

for disk+
olumn+eje
tion. In all the 
ases, αv = 1.

αm = 0.1 0.4 0.7 1

Ω⋆/Ωbr

B⋆=250 G

0.05 DCE DC DC DC

0.1 DCE DC DC DC

0.15 DCE DC DC DC

0.2 DCE DC DC DC

B⋆=500 G

0.05 DCE DC DC DC

0.1 DCE DC DC DC

0.15 DCE DC DC DC

0.2 DCE DC DC DC

B⋆=750 G

0.05 DCE DC DC DC

0.1 DCE DC DC DC

0.15 DCE DC DC DC

0.2 DCE DC DC DC

B⋆=1000 G

0.05 DCE DC DC DC

0.1 DCE DC DC DC

0.15 DCE D D D

0.2 DCE D D D

value of the resistivity parameter. The trend 
hanges only

after a 
hange in �ow geometry.

The third example of a trend in the results is in the


ases with αm=0.1, in whi
h a 
oni
al out�ow is formed.

The angular momentum �ux expelled from the system with

su
h an out�ow in the 
ases with di�erent magneti
 �eld

strength is shown in Fig. 5.

The momentum �ux in the out�ow does not 
hange

mu
h, ex
ept for faster stellar rotation together with a

strong magneti
 �eld, when the out�ow takes away mu
h

more, about an order of magnitude, of the angular mo-
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Fig. 4. Average angular momentum �ux transported onto the stellar surfa
e by the matter in-falling from the disk onto the star

through the a

retion 
olumn. Ea
h panel shows a set of solutions with one stellar magneti
 �eld strength and varying stellar

rotation rate and resistivity. Results with Ω⋆/Ωbr = 0.05 (dotted), 0.1 (dashed), 0.15 (dash-dot-dotted), and 0.2 (solid) are shown

in units of stellar angular momentum J⋆ = k2M⋆R
2
⋆
Ω⋆ (with k2

= 0.2 for the typi
al normalized gyration radius of a fully 
onve
tive

star). A positive �ux spins the star up, a negative �ux slows it down. With the in
rease in stellar rotation rate, spin-up of the star

by the infalling matter de
reases and eventually swit
hes to spin-down.
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Ω ⋆ /Ωbr
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B⋆=1 kG

Fig. 5. Average angular momentum �ux in the out�ow that

forms for αm=0.1. It is 
omputed at R=12R⋆ for di�erent stellar

rotation rates. Normalization is the same as in Fig. 4. Fluxes in

B⋆=0.25 (dotted), 0.5 (dash-dotted), 0.75 (dashed) and 1 kG

(solid) are shown.

mentum from the system. The magnetospheri
 eje
tion in-


reases with the stronger magneti
 �eld and faster rotation.

The trends in the examples 
an be 
ompared with the

results in other models and simulations when they be
ome

available. If they are found to be robust, these trends 
an

be 
ompared with observations and 
an be in
orporated in

star formation models.

4. Con
lusions

In the numeri
al simulations of star-disk magnetospheri


intera
tion (SDMI), I investigated the angular momentum

�ux in the system. In a parameter study, stellar rotation

rate, magneti
 �eld, and the disk resistivity were varied to

obtain a suite of the quasi-stationary solutions. I 
omputed

the angular momentum �ux in di�erent 
omponents of the

�ow to 
ompare results in the 
ases with di�erent stellar

magneti
 �eld strengths.

In a dis
ussion of the results, I �nd a trend in matter

density along a verti
al line in the middle of the disk in the

�rst example. The density in
reases with in
reasing stellar

magneti
 �eld in the simulation.

The se
ond result is a trend in angular momentum �ux

onto the star with in
reasing stellar rotation rate. I �nd that

with faster stellar rotation, the spin-up of the star de
reases

and eventually swit
hes to a spin-down.

The third �nding from the simulations is that for

αm=0.1 and a faster-rotating star, the angular momentum

�ux in the 
oni
al out�ow in
reases signi�
antly with high

values of the stellar magneti
 �eld. The in
rease is about

an order of magnitude. For a low stellar magneti
 �eld, the

angular momentum in the out�ow remains the same.

The results apply to disks around YSOs and 
an be

res
aled to disks in a 
ompa
t binary. I provide a table

with s
aling fa
tors for di�erent 
ases.
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I presented here the results for a slowly rotating star. In

the simulations with a stellar rotation faster than 20% of

the stellar breakup rotation rate, two additional solutions

are obtained, similar to Romanova et al. (2009): a fast axial

out�ow, and with both the 
oni
al and axial out�ow. I leave

them for a separate study, together with the solutions with

αv <0.685, whi
h show a ba
k�ow in the initial disk.
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Appendix A: Numeri
al simulations of star-disk

magnetospheri
 intera
tion

Star-disk magnetospheri
 intera
tion (SDMI) determines

the angular momentum transfer in a star-disk system. Sim-

ulations in
luding SDMI have been reported by Romanova

et al. (2009, 2013) with a 
ode that is not publi
ly available,

and ZF09 and Zanni & Ferreira (2013) with the publi
ly

available 
ode pluto (v.3). Following ZF09, I performed

simulations with the updated version of the pluto 
ode

(v.4.1) (Mignone et al. 2007, 2012). I present a short ver-

sion of the setup, amended to fa
ilitate reprodu
ibility

1

.

1

I am aware of several unsu

essful attempts in repeating the

ZF09 setup by experien
ed resear
hers and students in the past

de
ade. To my knowledge, the �rst su

essful simulations fol-

lowing ZF09 were reported by �emelji¢ et al. (2017).

Fig. A.1. Initial density distribution of matter shown in a loga-

rithmi
 
olor grading. A sample of the initial poloidal magneti


�eld lines is shown with solid white lines. Arrows show the ini-

tial velo
ity distribution in the disk, with the unit ve
tor length

measured in Keplerian velo
ity units indi
ated below the �gure.

The 
omputational grid is shown in 8x8 blo
ks of 
ells.

The equations solved in the magnetohydrodynami


(MHD) module of the pluto 
ode are in the 
gs system

of units:

∂ρ

∂t
+∇ · (ρv) = 0(A.1)

∂ρv

∂t
+∇ ·

[

ρvv +

(

P +
B ·B
8π

)

I− BB

4π
− τ

]

= ρg(A.2)

∂E

∂t
+∇ ·

[(

E + P +
B ·B
8π

)

v

]

+∇ ·




ηmJ ×B/4π − v · τ
︸ ︷︷ ︸

heating terms




 = ρg · v − Λ

︸︷︷︸

cooling

(A.3)

∂B

∂t
+∇× (B × v + ηmJ) = 0(A.4)

where the symbols have their usual meaning: ρ and v are

the matter density and velo
ity ve
tor, P is the pressure, B
is the magneti
 �eld, and ηm and τ represent the resistivity

and the vis
ous stress tensor, respe
tively. Λ is the 
ooling

sour
e term, the gravity a

eleration is g = −∇Φg, where

the gravitational potential of the star with massM⋆ is equal

to Φg = −GM⋆/R. Then gR = −1.0/R2
in the 
ode units.

Simulations were performed using the se
ond-order

pie
ewise linear re
onstru
tion, with a Van Leer limiter in

density and magneti
 �eld and a minmod limiter in pres-

sure and velo
ity. To enhan
e stability, in the subroutine

plm_states, the default was set to Van Leer instead of

the less di�usive monotonized 
entral di�eren
e limiter. An

approximate Roe solver (hlld in the pluto options) was

used, with a modi�
ation in the flag_sho
k subroutine:

�ags were set to swit
h to more di�usive hll solver when

the internal energy was lower than 1% of the total energy,
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instead of swit
hing in the presen
e of sho
ks. The se
ond-

order time-stepping (RK2) was employed, and ∇ · B = 0
was maintained by the 
onstrained transport. The magneti


�eld was evolved with the split-�eld option, so that only


hanges from the initial stellar magneti
 �eld were evolved

in time (Tanaka 1994; Powell et al. 1999). In version 4.1 of

pluto the 
onstrained transport is by default disabled to

work with the ba
kground �eld in the resistive MHD. This

is probably an artifa
t from the older version. To enable

the ba
kground �eld option, the 
onstraint was removed by


hanging the 
ondition in the routine ba
kgrnd_field, to

point to some feature that will not be used, for instan
e,

thermal 
ondu
tion.

A logarithmi
ally stret
hed radial grid and a uniform

grid in the meridional half-plane θ=[0,π/2℄ in spheri
al 
o-

ordinates were used to perform 2D axisymmetri
 SDMI sim-

ulations. The resolution was set to R × θ=(217×100) grid

ells in the physi
al domain from the stellar surfa
e to 30

stellar radii, as shown in Fig. A.1.

The total energy density isE = P/(γ−1)+ρ(v·v)/2+B·
B/8π, where γ = 5/3 is the plasma polytropi
 index. The

ele
tri
 
urrent is given by Ampère's law J = ∇×B/4π.
To prevent the thermal thi
kening of the a

retion disk

in simulations, following the des
ription of ZF09, I removed

the underbra
es Ohmi
 and vis
ous heating terms from the

pluto energy equation. This equals the assumption that

all the heating is radiated away from the disk. To do this,

lines in the 
ode with the vis
ous and resistive part of the

�ux 
omputation in paraboli
_flux subroutine were 
om-

mented out. The vis
ous and resistive �uxes were added in

the rhs subroutine to ensure that the 
orre
t dissipative

�ux terms were in
orporated. These simulations remain in

the non-ideal MHD regime be
ause of the vis
ous term in

the momentum equation and the resistive term in the in-

du
tion equation

2

.

The initial disk was set with the initial density by KK00

with a self-similar pro�le and the aspe
t ratio ǫ:

ρd = ρd0

{
γ − 1

γǫ2

[
R∗

R
−
(

1− γǫ2

γ − 1

)
R⋆

R sin θ

]}1/(γ−1)

=

(A.5)

= ρd0

{
2

5ǫ2

[
R⋆

R
−
(

1− 5

2
ǫ2
)

R⋆

R sin θ

]}3/2

.

The pressure was

Pd = ǫ2ρd0v
2
K⋆

(
ρd
ρd0

)γ

= (A.6)

= ǫ2
[
R⋆

R
−
(

1− γǫ2

γ − 1

)
R⋆

R sin θ

]5/2

.

The 
apital R indi
ates the spheri
al radius, and r =
R sin θ is the 
ylindri
al radius. The disk unit density ρd0
and Keplerian speed vK⋆ =

√

GM⋆/R⋆ were both 
al
u-

lated in the disk midplane at R⋆. The initial disk was trun-


ated about the 
orotation radius.

The obtained disk is a polytropi
 hydrodynami
al solu-

tion of the vis
ous a

retion disk in full 3D, obtained by ap-

proximate expansion up to the se
ond order in the terms of

2

Without modifying the energy equation, but with the power-

law 
ooling introdu
ed to a

ount for the disk dissipative heat-

ing, a similar out
ome is obtained. It is advisable to use this

simpler method in the �rst attempt of the setup.

ǫ = cs/vK, the disk aspe
t ratio measured on the midplane

of the disk, where cs =
√

Pd/ρd and vK are the isothermal

sound speed and Keplerian speed in the disk.

The vis
osity and resistivity were de�ned expli
itly in

separate subroutines by a se
ond-order �nite-di�eren
e ap-

proximation for the dissipative �uxes, with 
he
king of the

time step. Both are parameterized by the Shakura-Sunyaev

pres
ription as αc2s/Ω. To avoid the issues related to the

ba
k�ow in the disk, I here address only the 
ase with

anomalous

3

vis
osity 
oe�
ient αv = 1.
The vis
osity was de�ned by the vis
ous stress tensor

τ = ηv

[

(∇v) + (∇v)T − 2

3
(∇ · v)I

]

, (A.7)

with the dynami
 vis
osity ηv = ρνv given with

ηv =
2

3
ραv

[

c2s (r)|z=0 +
2

5

(
GM⋆

R
− GM⋆

r

)]
√

r3

GM⋆
,

(A.8)

where νv is the kinemati
 vis
osity. The magneti
 di�usivity

was assumed proportional to the vis
osity, with the free

parameter αm:

νm =
3

2
αm

νv
αv

, (A.9)

so that in the 
gs system of units the resistivity is ηm =
4πνm.

The di�usive parameters αv and αm were de�ned in sep-

arate subroutines vis
_nu and res_eta. A 
ondition for in-


luding the di�usive term was in both routines de�ned by

the β = Pmag/Phyd > 0.5, meaning that the magneti
 pres-

sure prevailed. In both subroutines, the di�usive term was

taken into a

ount only when the tra
er value was unity,

otherwise it was set to zero.

The initial disk velo
ity pro�le is, following KK00:

vRd = −αvǫ
2

[

10− 32

3
Λα2

v − Λ

(

5− 1

ǫ2 tan2 θ

)]√

GM∗

R sin3 θ
,

(A.10)

vRϕ =

[√

1− 5ǫ2

2
+

2

3
ǫ2α2

vΛ

(

1− 6

5ǫ2 tan2 θ

)]√

GM∗

R sin θ

where

Λ =
11

5
/

(

1 +
64

25
α2
v

)

. (A.11)

The initial 
orona is a non-rotating, polytropi
 
orona

with γ = 5/3 in hydrostati
 balan
e. It is de�ned by the

density and pressure, given by

ρc = ρc0(R⋆/R)1/(γ−1), (A.12)

Pc = ρc0
γ − 1

γ

GM⋆

R⋆

(
R⋆

R

)γ/(γ−1)

,

3

Anomalous di�usive 
oe�
ients are mu
h larger than 
oe�-


ients 
omputed from the mi
ros
opi
 
onsiderations. They are

usually given as free parameters in the simulations, motivated

by the assumption that dissipation is a result of ma
ros
opi


instabilities, i.e., turbulen
e.

Arti
le number, page 6 of 24



M. �emelji¢: Miki's version: �Atlas� of numeri
al solutions for SDMI

where ρc0 ≪ ρd0 is the ratio between the initial 
oronal and
disk density, set to 0.01.

The initial stellar magneti
 dipole �eld was set with

the �eld axis aligned with the stellar rotation axis. There

is no resistivity in the magnetosphere outside of the disk.

This means that the re
onne
tion of the magneti
 �eld is a

numeri
al, not physi
al dissipation.

In the internal boundary part, whi
h enables 
hange

in the quantities inside the 
omputational domain in

pluto, the density in the grid 
ell just above the star was


orre
ted when it falls below some limit value (I set it to

5×10−8
), to prevent the density near the star from be
om-

ing too low. The pressure was 
orre
ted in su
h a way to


onserve the same sound speed in the 
orona. To maintain

the self-
onsisten
y, velo
ities were also 
hanged to 
onserve

the momentum. Here was also ensured that the s
alar tra
er

value was always set to zero in the 
orona. Around the re-


onne
tion sheet and out�ows, the tra
er s
alar 
an obtain

spurious values, this is prevented here.

The numeri
al heating in the 
orona was prevented by

enfor
ing the 
onservation of the entropy S, to keep the

values 
lose to the initial 
onditions. The maximum of the

entropy is on top of the star, so it was kept throughout

the 
omputational box below the value Smax = Pc/ρ
γ
c =

2ρ
−2/3
c0 /(5R∗) = 8.61774. For the minimum, the small num-

ber Smin = 0.01 was set. From this I obtained 
orre
ted

values for the pressure interval in the 
omputational box,

by P = max[min(P, Smaxρ
γ), Sminρ

γ ].
In the inner boundary 
onditions, the density, pres-

sure, and toroidal 
omponents of the velo
ity and magneti


�eld were pres
ribed from the a
tive zones into the bound-

ary. The linear extrapolation was used, with Van Leer lim-

iter in the density and the magneti
 �eld, and minmod lim-

iter in the pressure and velo
ity. For the numeri
al stability

in the 
orona, in the 
ases with vR > 0, I introdu
ed a 
or-

re
tion of the pressure by a free parameter Tf in the inner

radial boundary 
ondition. It should be set to the number

of order a few hundred. It adjusts the ram pressure ρv2 on
top of the star (stellar wind) from the default Tf = 2v2R/5
to Tf = (2/5 − Tf )v

2
R so that the pressure in the 
orona

is given by P = (2/5− Tfv
2
R)ρcR

−5/2
i . The �rst term here

is the 
oronal initial pressure Pc = 2ρcR
−5/2
i /5. Be
ause

P ∼ ρT in the ideal gas law, we 
an think of 2/5 as an

e�e
tive temperature, where Tf is an ad ho
 
orre
tion.

In the axisymmetri
 2D setup, only the toroidal 
om-

ponent of the magneti
 �eld was set in the staggered grid

be
ause in the 
onstrained transport method, a staggered

grid is used

4

. I used a 
ustom boundary 
ondition for Bϕ,

in whi
h Ωeff = Ω−vpBϕ/rBp is derived from the 
ondition

for the stellar surfa
e as a rotating perfe
t 
ondu
tor. The

magneti
 torque to drive the plasma rotation on top of the

star was set, with the mat
hing measured by the 
ompari-

son of the stellar angular velo
ity and the e�e
tive rotation

rate of the �eld lines by the ratio Ωeff/Ω∗. This pres
ribes

rotation of the matter on top of the star and the e�e
tive

rotation rate of the �eld lines to Ωeff , with vp and Bp stand-

ing for the poloidal velo
ity and magneti
 �eld, respe
tively.

In addition, in the 
onstrained transport method, the sub-

4

When the staggered grid is used, in the boundary subroutine

one has to 
orre
t the mispla
ed 
all to the user-de�ned bound-

ary at the grid 
ell 
enters, to 
ome after the assignment of the

normal 
omponent of staggered B, instead before it.

Table A.1. Typi
al values and s
aling for di�erent 
entral ob-

je
ts. The mass M⋆, radius R⋆, period P⋆ and equatorial stellar

magneti
 �eld B⋆ are 
hosen to derive the rest of the quantities.

The 
ode units should be multiplied by the fa
tors given in the

table to apply them to di�erent 
ases.

YSOs WDs NSs

M⋆(M⊙) 0.5 1 1.4

R⋆ 2R⊙ 5000km 10km

P⋆ 4.6d 6.1s 0.46ms

B⋆ (G) 500 5×105 10

8

ρd0(g/
m
3
) 1.2×10−10

9.4×10−9
4.6×10−6

v0(km/s) 218 5150 136000

Ṁ0(M⊙/yr) 5.7×10−7
1.9×10−9 10−9

B0(G) 200 5×104 2.93×107

Table A.2. Position of the light 
ylinder as a fun
tion of stellar

rotation rate in some typi
al 
ases. Stellar rotation rate is ex-

pressed in units of stellar breakup rotation rate, and the position

of the light 
ylinder in units of stellar radius R⋆.

Ω⋆/Ωbr Rℓc(YSO) Rℓc(WD) Rℓc(NS)

0.05 27454 1164 44

0.1 13727 582 22

0.2 6864 291 11

0.25 9151 233 8.8

0.5 2745 116 4.4

0.75 1830 78 2.9

1.0 1373 58 2.2

routine 
t toroidal 
omponent of the EMF was set to zero.

Then in the stellar referen
e frame, the ele
tri
 �eld is zero,

with the �ow speed parallel to the magneti
 �eld.

I did not follow the suggestion in ZF09 to impose 
on-

tinuity of the speed along the �eld lines on the out�owing

matter, nor the 
ontinuity of the axisymmetri
 MHD in-

variant k = 4πρvp/Bp on the infalling material, as it did

not improve the result.

The stellar rotation rate was set with those 
orre
tions. I

started the simulation with Ω⋆, not with the slower rotation

of the star as des
ribed in ZF09.

In the outer boundary 
onditions, in the 
oronal

part of the domain, the logarithmi
 extrapolation in the

density and pressure was set. In the radial and meridional


omponents of the velo
ity an out�ow was set, and a linear

extrapolation with the minmod limiter for the azimuthal ve-

lo
ity 
omponent and Van Leer limiter in the toroidal mag-

neti
 �eld 
omponent. At the disk outer radial boundary,

I introdu
ed the initial hydrodynami
al values, anti
ipat-

ing the thi
kening of the disk for 25%. Be
ause the velo
ity

might roll ba
k above the thi
kened disk, in�ow to twi
e

the initial disk height in the 
orona was prevented by set-

ting the velo
ities to zero. The toroidal magneti
 �eld was

linearly extrapolated with a Van Leer limiter.

The simulations were stopped after 100 stellar rotations.

In some 
ases, the simulation stopped earlier be
ause the

time step was too short. This was 
aused by the numeri
al

instability in the rare�ed 
orona, not by the disk instability.

Normalized equations were solved in the 
ode. The unit

length, velo
ity, and mass were 
hosen with the stellar ra-

dius R⋆, the Keplerian speed at the stellar surfa
e vK⋆, and

mass M⋆. The time unit was then t0 = R⋆/vK⋆. Time t

in the results was measured in the number of stellar ro-
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tation periods P⋆. The mass �ux rate was measured in

Ṁ0 = ρd0R
2
⋆vK⋆, whi
h was the free parameter in simu-

lation from whi
h I determined ρd0, the disk density. The

initial 
oronal density was de�ned as a free parameter in

the 
ode, ρc0 = 0.01ρd0. The magneti
 �eld unit was de-

�ned by B0 = vK⋆
√
ρd0. The torque in the simulations was

measured in units of J̇0 = ρd0R
3
⋆v

2
K⋆.

The simulations 
an be res
aled to di�erent obje
ts us-

ing the s
aling 
oe�
ients from Table A.1. In the 
ase of


ompa
t obje
ts, the radial extension of the domain, mea-

sured from the axis of rotation, should not rea
h the light


ylinder, RℓcΩ⋆ = c, where the azimuthal velo
ity equals

the speed of light. This limitation was not mentioned in

the previous publi
ations with SDMI, so I list distan
es of

the light 
ylinder in the di�erent 
ases in Table A.2.

Appendix B: �Atlas� of the results

Here I show solutions in the di�erent points in the param-

eter spa
e.

The results in all the 64 simulations are assembled in

an �Atlas�, in whi
h I show the poloidal matter �ux ρvp
and a sample of magneti
 �eld lines and velo
ity ve
tors

in a snapshot in the quasi-stationary state. The 
orotation

radius is marked on ea
h panel, to better visualize rea
h

of the magneti
 �eld 
onne
ted to the star from below and

beyond this radius in the disk. The extent to whi
h the

disk is magneti
ally 
onne
ted with the star is shown with

a sample of poloidal magneti
 �eld lines, assigned with the


orresponding values of the �ux fun
tion.

Sin
e the velo
ity in the disk is mu
h smaller than in the


orona, two normalizations to the poloidal Keplerian speed

are used, ea
h marked with the unit ve
tors in di�erent


olors below the panels and with its 
orresponding s
aling.

The results are grouped by the in
reasing stellar mag-

neti
 �eld and rotation rates, with four panels showing the

solutions with in
reasing resistivity.

The density distributions in ea
h of the 64 
ases are

listed in Table 2, with referen
e to the 
orresponding 
ase

from Figure 2.
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Fig. B.1. In all the panels in this and �gures below shown is the matter density with the poloidal matter �ux ρvp in the panel

below it, with a sample of magneti
 �eld lines and velo
ity ve
tors in the quasi-stationary solution. Sin
e the velo
ity in the disk

is mu
h smaller than in the 
orona, two normalizations to the poloidal Keplerian speed are used, as marked with the unit ve
tors

below the panels, so that e.g. 200vp=vK0, i.e. vp=vK0/200. The 
ases with αm=0.1, 0.4, 0.7 and 1.0 are shown from the top left

panel to the bottom right panel, respe
tively. Here is shown the 
ase with B⋆=0.25 kG and Ω⋆=0.05Ωbr.
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Fig. B.2. The 
ase with B⋆=0.25 kG, Ω⋆=0.1Ωbr and αm=0.1, 0.4, 0.7, 1.0.
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Fig. B.3. The 
ase with B⋆=0.25 kG, Ω⋆=0.15Ωbr and αm=0.1, 0.4, 0.7, 1.0.
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Fig. B.4. The 
ase with B⋆=0.25 kG, Ω⋆=0.2Ωbr and αm=0.1, 0.4, 0.7, 1.0.
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Fig. B.5. The 
ase with B⋆=0.5 kG, Ω⋆=0.05Ωbr and αm=0.1, 0.4, 0.7, 1.0.
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Fig. B.6. The 
ase with B⋆=0.5 kG, Ω⋆=0.1Ωbr and αm=0.1, 0.4, 0.7, 1.0.

Arti
le number, page 14 of 24



M. �emelji¢: Miki's version: �Atlas� of numeri
al solutions for SDMI

Fig. B.7. The 
ase with B⋆=0.5 kG, Ω⋆=0.15Ωbr and αm=0.1, 0.4, 0.7, 1.0.
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Fig. B.8. The 
ase with B⋆=0.5 kG, Ω⋆=0.2Ωbr and αm=0.1, 0.4, 0.7, 1.0.
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Fig. B.9. The 
ase with B⋆=0.75 kG, Ω⋆=0.05Ωbr and αm=0.1, 0.4, 0.7, 1.0.
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Fig. B.10. The 
ase with B⋆=0.75 kG, Ω⋆=0.1Ωbr and αm=0.1, 0.4, 0.7, 1.0.
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Fig. B.11. The 
ase with B⋆=0.75 kG, Ω⋆=0.15Ωbr and αm=0.1, 0.4, 0.7, 1.0.
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Fig. B.12. The 
ase with B⋆=0.75 kG, Ω⋆=0.2Ωbr and αm=0.1, 0.4, 0.7, 1.0.
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Fig. B.13. The 
ase with B⋆=1 kG, Ω⋆=0.05 and Ωbr αm=0.1, 0.4, 0.7, 1.0.
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Fig. B.14. The 
ase with B⋆=1 kG, Ω⋆=0.1Ωbr and αm=0.1, 0.4, 0.7, 1.0.
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Fig. B.15. The 
ase with B⋆=1 kG, Ω⋆=0.15Ωbr and αm=0.1, 0.4, 0.7, 1.0.
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Fig. B.16. The 
ase with B⋆=1 kG, Ω⋆=0.2Ωbr and αm=0.1, 0.4, 0.7, 1.0.
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