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1. INTRODUCTION AND ABSTRACT

This bibliography is a list of papers (and a few books, too) in which inhomogeneous
cosmological models were discussed. A solution of the Einstein field equations is by
definition a cosmological model if the arbitrary functions and/or constants that it
contains can be specialized in such a way that in the limit a nontrivial metric of the
FRIEDMANN (1922, 1924) — LEMAITRE (1927, 1931) — ROBERTSON (1929, 1933)
— WALKER (1935) class (abbreviated FLRW) is obtained. It is inhomogeneous
when its symmetry group (if any exists) has orbits of dimension at most 2; otherwise
the solution would have to be either stationary or spatially homogeneous in the
sense of Bilanchi or KANTOWSKI — SacHs (1966). A FLRW metric is called
nontrivial when it is nonstatic (this excludes the generalizations of the Einstein
Universe from our consideration) and has a nonvacuum source (this excludes the
generalizations of the de Sitter metrics). The Kantowski — Sachs metrics are
included here for completeness. For the Bianchi-type solutions, several extended
reviews with bibliographies are already available.

The papers listed are sorted by their subjects. In fact, this bibliography is
just a permutation of a large subset of the reference list to the review of inhomo-
geneous cosmological models, recently published by this author (KrASINSKI 1993).
The list in this section contains papers to which a reference is made in the bibli-
ography for various pieces of general information, not necessarily connected with
the inhomogeneous models. Such references are marked by [G] in the subsequent
sections.

FRIEDMANN, A.A. (1922), Z. Physik 10, 377.
FRIEDMANN, A.A. (1924), Z. Physik 21, 326.

"The bibliography is based on a monograph, recently prepared by this author
(Krasmisk1 1993). That work was partly supported by the Scientific Research Com-
mittee Grant no 2 1242 91 01.
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KanTowski, R., Sacus, R.K. (1966), J. Math. Phys. 7, 443.

KrAsiNsKI, A. (1993), Physics in an inhomogeneous Universe. Preprint, a book
in preparation.

LEMAITRE, G. {1927), Ann. Soc. Sci. Bruzelles A47, 19.

LEMAITRE, G. (1931), Mon. Not. R. Astron. Soc. 91, 483.

RoBERTsON, H.P. (1929), Proc. Nat. Acad. Sci. USA 15, 822.

RoBERTSON, H.P. (1933), Rev. Mod. Phys. 5, 62.

WALKER, A.G. (1935), Quart. J. Math. Ozford, ser. 6, 81.

2. THE SZEKERES — SZAFRON FAMILY OF SOLUTIONS

2.1. The general class

The master solution was found here by SzaFrRoON (1977). It is a family of perfect
fluid solutions with no symmetry (BoNNOR, SULAIMAN and TOMIMURA 1977).
Invariant definitions of this class were given by Szafron and CoLLINS (1979) and
by WAINWRIGHT (1977). Properties of the Szafron family of solutions were dis-
cussed by CoLLINS and SzZAFRON (1979a, b). The class of Szafron is a general-
1zation of the dust solution found by SzZEKEREs (1975a). Properties of the latter
were discussed by SzZEKERES (1975b and 1980), BoNNoOR (1976a, b, 1986), Bon-
NOR and TOMIMURA (1976), BERGER, EARDLEY and OLsoN (1977), SPERO and
SzAFRON (1978), CovaRRUBIAS (1980), BARROW and SiLK (1981), TOMIMURA
(1981), GLEISER (1984), DE Souza (1985), BoNNOR and PuGH (1987). A partic-
ularly extended and illuminating discussion is that by GooDE and WAINWRIGHT
(1982b). LawiTzKy (1980) found the Newtonian analog of the Szekeres solution.

The generalization of the £/ = 0 subfamily (see KRASINSKI 1993 [G] for a de-
scription) to the case of nonzero heat flow was found by GooDE (1986). STEPHANI
(1987) found a generalization of a subcase of that subfamily to nonzero rotation.
The other papers listed in this section contain derivations of various subcases of
the Szafron family and of their generalizations to nonzero heat-flow, viscosity and
electrically charged source. Papers on the subcases that can be defined invariantly
are listed separately in subsequent sections.
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VAN DEN BERGH, N., WiLs, P. (1985), Gen. Rel. Grav. 17, 223.

WAINWRIGHT, J. (1977), J. Math. Phys. 18, 672.

2.2. The plane- and spherically symmetric solutions
of the f' = 0 subfamily of Szafron

The plane symmetric dust solution of this subfamily was found by ELLIs (1967),
and then rediscovered by ToMIMURA (1978) and ScHMIDT (1982, see bibliography
in the previous section). LAKE (1992) discussed its properties. It generalizes only
the flat FLRW dust solution. The spherically symmetric solutions of this fam-
ily generalize the Kantowski-Sachs model. The master solution among them was
found by KorRkINA and MARTINENKO (1975a), and then rediscovered by RUBAN
(1983) and WEssoN (1989), it is a perfect fluid metric. The dust subcase, with
nonzero cosmological constant, was found by RUBAN (1969), and generalized by
himself (RUBAN 1972 and 1983) to the case of charged dust with cosmological con-
stant. The dust subcase with zero cosmological constant was found by DATT (1938)
and rediscovered by RuBaN (1968). The other papers listed below discussed the
Kantowski-Sachs metric with various kinds of sources (perfect fluid with different
equations of state, dust with a cosmological constant and/or magnetic field). In
the original KANTOWSKI-SACHS paper (1966, [G]) only dust source was considered.

Corrins, C.B. (1977), J. Math. Phys. 18, 2116.
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(1987)].

2.3. The plane- and spherically symmetric solutions
of the ' # 0 subfamily of Szafron

The master solution in this class was found by ELLis (1967). Tt is a dust solution
with cosmological constant, and with an arbitrary 3-dimensional symmetry group
acting on 2-dimensional orbits. This was generalized by BRONNIKOV and PAVLOV
(1979, see also BRONNIKOV 1983) to a source being dust with electric and magnetic
(monopole) charge. The plane symmetric subcase of the Ellis solutions, with zero
cosmological constant, was rediscovered by EARDLEY, LiaANG and SAcCHS (1972),
Towmrra (1975), HorskY, LORENC and NovoTNY (1977), ToMiMURA (1978) and
NovoTNY and HorskY (1979). A generalization of the latter case to plane sym-
metric dust moving in a vacuum electric field was found by CHATTERJEE and
BANERJI (1980), the further generalization to plane symmetric charged dust —
by DE and Ray (1983). The spherically symmetric subcase of the Ellis solutions
was found by LEMAITRE (1933a), then discussed by TOLMAN (1934) and Bonbpr
(1947), and rediscovered by PONCE DE LEON (1991a) and ZECCA (1991). This is
a very important subcase that was used in many papers to discuss various physical
processes in an inhomogeneous Universe, see section 3 below. GAUTREAU (1984)
rederived the subcase corresponding to zero spatial curvature and used it to discuss
the influence of cosmic expansion on planetary orbits.

The subcase of the LEMAITRE (1933a) solution (which will be called the
Lemaitre-Tolman model, abbreviated L-T) corresponding to zero cosmological con-
stant was rediscovered more than 20 times, the list of papers (and books) with
rediscoveries is given separately after the main list in this section. The further sub-
case when the dust is self-similar was rediscovered in 11 papers, listed in a third
separate list below. The A = 0 subcase of the L-T model was generalized to dust
moving in a spherically symmetric electric field by Hamour (1969), this generaliza-
tion was then rediscovered by KoRKINA and CHERNYI (1976). The generalization
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of this case to arbitrary 3-dimensional symmetry with 2-dimensional orbits was
found by SHIKIN (1972) (which thus generalizes the CHATTERJEE-BANERJI 1980
solution). The generalization of the HaMoUI (1969) solution to charged dust was
found by MARKOV and FroLov (1970), and then rediscovered by BaiLyn (1973),
IVANENKO, KRECHET and LAPCHINSKII (1973), MISRA and SRIVASTAVA (1974)
and DATTA (1976). This was further generalized by SHIKIN (1974) to include
an arbitrary 3-dimensional symmetry with 2-dimensional orbits and a magnetic
charge, the SHIKIN (1974) solution thus generalizes also the SHIKIN (1972) and DE-
RAY (1983) results. Another generalization of the MARKOV-FRrRoOLOV (1970) class
was found by KRECHET, PONOMAREV AND BARVINSKII (1977), this corresponds
to the electric field carrier having nonzero mass. Still another generalization, to
nonzero cosmological constant, was found by VICKERS (1973) and rediscovered by
KuLEsTKOV (1975) and ORI (1990, in a coordinate system in which all equations
can be integrated explicitly). Ori’s result was nearly found, but with errors, by
BURLANKOV (1987). The paper by ZEcca (1993b) is apparently in error, too. A
generalization of the L-T model to arbitrary anisotropic pressure was worked out
by LEMAITRE (1933b). The other papers in the list below contain derivations of
various subcases of the L-T model or discussions of their properties.
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5. SOLUTIONS WITH NULL RADIATION
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11. HISTORICAL MILESTONES

This section contains a list of papers which, in the opinion of this author, played
a crucial role in the development of inhomogeneous cosmological models. It must
be stressed that, except for but a few, the papers listed below were never properly
appreciated, and many of them are virtually unknown until today. The list is thus
a call for historical justice (based on a personal assessment by this author) rather
than a presentation of development of the field. Most of the references below are
repeated from the previous sections.

LEMAITRE (1933a) — the pioneering paper, and probably the most underappreci-
ated one. The author introduced the Lemaitre-Tolman model, and in addition
presented or solved a few problems commonly associated now with names and
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papers younger by a whole generation. Examples: the definition of conserved
mass for a spherically symmetric perfect fluid, a proof that the Schwarzschild
horizon is not a singularity (by a coordinate transformation to a system of
freely falling observers), a preliminary statement of a singularity theorem
illustrated with a Bianchi I model.

McVITTIE (1933) — presented a superposition of the Schwarzschild and FLRW
metrics which is a perfect fluid solution. A remarkably bold and early entry,
but the solution is still not satisfactorily interpreted.

DINGLE (1933) — a preliminary investigation of spherically symmetric shearfree
perfect fluid solutions, later completed by KusTAANHEIMO and QVIST (1948).
The paper is remarkable for the author’s strong criticism of the cosmological
principle and an explicit call for inhomogeneous models.

ToLMAN (1934) — the first extended investigation of the LEMATTRE (1933a) so-
lution. The author showed that the solution implies the instability of the
Einstein and FLRW models against the formation of condensations and rar-
efactions (which today would be called voids). Tolman cited Lemaitre. All the
contemporary authors who call this solution “the Tolman model” evidently
did not read Tolman’s paper.

SEN (1934) — the first explicit statement that voids should form in an inhomo-
geneous Universe: “the [Einstein and FLRW] models are unstable for initial
rarefaction”. ’

McCrEA (1939) — the first elaborate call for inhomogeneous models and the first
draft of a theoretical formalism to describe such models and compare them
with observations. ,

EINSTEIN and STRAUS (1945) — the first formally correct investigation of the
influence of expansion of the Universe on planetary orbits. Though formally
correct, the investigation unfortunately produced an incorrect result because
the model it used was rather peculiar and unstable (see KrasINSKT 1993 [G]).

BoNDI (1947) — a thorough in-depth investigation of geometrical and physical
properties of the Lemaitre-Tolman model. The author was the first to ob-
serve several physically interesting possibilities offered by the model, but the
paper was for a long time ignored. Several of Bondi’s observations were in-
dependently rediscovered and picked up much later by other authors (see
KraAsINsKI 1993 [G]).

KUSTAANHEIMO and QVIST (1948) — reduced the Einstein equations for a spher-
ically symmetric metric with a shearfree expanding perfect fluid source to a
single ordinary differential equation.

BonNoOR (1956) — showed, using the L-T model, that galaxies could not have
originated as statistical fluctuations in an initially homogeneous matter dis-
tribution (because, according to the view that is still considered valid now,
the Universe is much too young to have allowed enough time for the process
to succeed).

EHLERS (1961) — a self-contained exposition of relativistic hydrodynamics and
thermodynamics in curved space, with several ideas of MCCREA (1939, see
above) incorporated. An English translation of that paper was published just
recently (EHLERS 1993).
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SuirokoV and FISHER (1962) — first pointed out that an “averaged” cosmological
model should obey modified field equations, with a “polarization term” arising
from averaging out small-scale inhomogeneities.

KRIsTIAN and SacHS (1966) — a self-contained theory of observations in an inho-
mogeneous Universe.

STEPHANI (1967a) — the most general conformally flat solutlon of the Einstein
equations with a perfect fluid source; an important link in the chain of gen-
eralizations of the FLRW models.

ELLis (1971) — foundations of relativistic cosmology with arbitrary geometry,
based on the exposition of EHLERS (1961, see above).

BARNES (1973) — a complete set of solutions of the Einstein equations with a
shearfree, nonrotating and expanding perfect fluid source; the set includes
the solutions of KUSTAANHEIMO and QVIST (1948) and STEPHANI (1967a).

SZEKERES (1975a) — still the most sophisticated dust solutions generalizing the
FLRW models.

SZAFRON (1977) — generalization of the Szekeres solutions to nonzero pressure.

GooDE and WAINWRIGHT (1982b) — a reformulation of the SZEKERES (1975a) so-
lutions showing the interconnection between increasing and decreasing modes
of perturbation of the FLRW background on the one hand, and the initial
conditions (nonsimultaneous Big Bang + initial inhomogeneities in density)
on the other. The authors established a link between the Szekeres models
and the perturbative methods.

ELLiS (1984) — the first apparently successful call for approaching the relativistic
cosmology on a broader basis than the FLRW models.

GAUTREAU (1984) — the first quantitative estimate of the influence of cosmic
expansion on planetary orbits.

SATO (1984) — an elaborate theory of evolution of voids in the Universe, based on
the L-T model. ‘

PANEK (1992) — a thorough investigation of the influence of inhomogeneities in
matter distribution on the anisotropies in the cosmic microwave background
radiation, based on the L-T model. Several authors argued that the isotropy
of the radiation actually proves the homogeneity of the Universe. However,
no quantitative estimates existed of the amount of anisotropy that inhomo-
geneities in matter distribution would induce in the background radiation.
Panek’s paper provided the first such estimate which in fact proves the ear-
lier arguments to be void.

ZALALETDINOV (1992) — the first covariant (but only axiomatic) theory of aver-
aging out small-scale inhomogeneities in the metric.
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