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ELLIPSOIDAL SPACETIMES
Andrzej Krasinski
Institute of Astrenomy, Polish Academy of Sci. Warsaw

In newtoniam hydrodynamics the orly case when a rota-
ting finite fluid body may be treated analytically i=
when the body is of ellipsoidal shape., Therefore one
should not hope that any more gemeral situation might
be described im general relativity by sxact solutions
of the fisld equations, Leoking for a relativigtic ama-
leg of the rewitemian thsory of ellipsoidal figures eof
equilibrium ene must however define what he means by
an ellipsoid in a curved spacse.

Let us consider the euclidean space filled with a con~
gruence of concentric and coaxial ellipsoids of revelu-
tien, Let us cemnect with this cengruence the ceordina-
te system (r, D »¢ ) such that x = g(r)sin? cos ¢, y =
= g(r) sinQ sin§ , 2 = r cosV , where the valus of » is
equal te the semiaxis of the ellipsoid lying along the
symaetry axis, and the value of 5(r) for each r is the
other Eomiaxis‘ Such coordimates are orthogonal only
when g° = 12 = const, Let us choose this simplest case
for censideration. When g2 - r2 = a2 > 0, the ellipseids
are oblate, Them the metric form of the euclidean space
assumes the form

2 2
da® - EL,%;E.E%Eii dr2 % (r2 + aacos% )di? + (1)
r +a 2 2 2. 2

+ (r° + a%)sin3a

The surface r = const describes the surface of an slli-
psoid, and this definition is independsnt of ths space
in which the ellipsoid is imbeddad.

New, in a curvsd 3-space centainig a cengruence of
e¢llipsoids the subspaces r = censt should be the sanme
as in (1), A geasonable guess is then to set the coef-
ficient ef dr” equal to an unknown function £%(r,9).
The explicit depsndence of £ on r and Y should be deci-
dad from geometric considerations.

Let us now proceed to 4-dimemsional spacetime, Here
the apparent shape of a surface dspends in gensral om
the family of obsarvers performing the descriptiea of
the surface. Consequently, if a congrusnce eof sllipso-
ids is to exist in a curved spacetime, its members will
be described as ellipsoids by a limited family of obser-
vers only., It is most likely that, if there is matter
in the spacetime, then the local rest spaces of matter
will be apprepriate for considering the ellipseidal fi-
gures of equilibrium,

Let u™ be the velocity field of matter, and let gus
be the metric tensor of the spacetime, Then the 3-ten-~
sor (g«ﬁ - uquﬁ) should be identified with the metric
form of the curved 3-space filled with ellipsoids, Ify
moreover, we assume that the whole spacetime is statio-
nary and axisymmetric in addition to being "ellipscidalr
then its metric will be: 2 o 2 2 2
482 = [U=1(1 - kv)dt + kdp]2 - £%ar® - (x? + s2cos’y)

a3? - (r2 * az)sinzﬁiﬁ% - (v/u)at]2
where k(r,v) is an arbitrary unctior, and U(r,7) and
¥(r,3) are the w0 and u' components of the four-veloci-
ty of matter,

In the above definition it was crucial to have matter
in the spacetime, to be able te dafine the 3-gpaces
splitting into ellipsoids. Now, we may take a tentative
definition that an empty spacetime will be called elli-
psoidal when there exizts in it any corgruencs of ctoexr-
vert vhere leerl rect-rrecce Frve *he retrie form given
by (1) with £4 inserted before dr2. It may be shown ve-
ry easily that both the Kerr and Kerr-Newman solutions
are ellipsoidal in this secend sense. This might sug-
gest that they are cennected with gravitational fields
of boedies of eliipsoidal shape, and it may help te de-
cide finally the problem of existencs of a material
source for the Kerr metric. A1l the suggestions made up
to now that the Kerr metric has no other source than a
black hole are merely guesses based on the fact that it
proved to be difficult to find a source., This is how-
sver not a serious foundation for such a strong claim,



